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701.1 Chapter Summary and Highlights

701.2 Stress and Strain

This section reviews small deformation stress and strain measures used in this report. Some of the
equations, particularly for stress and strain rotations were developed with help from ChatGPT.

701.2.1 Stress

In this work, the tensile stress is assumed positive, and in general we follow classical strength of materials
(mechanics of materials) conventions for stress and strain. The stress tensor oy is defined as

F.
: J
ojj = lim — 701.1
4 A;—0 Ai ( )
where Fj is a traction (force) in the j direction and A; is an infinitesimal surface area with normal in i
direction. Cauchy stress tensor has a total of nine components, six of which are independent (symmetry

Ul'j = (Tj,')ﬁ

Ux_x ny sz Ux ny 0’2)(;
o=| oy oy oy | =| o oy 0y (701.2)
Oz Ozy Oz Ox Oyz Oz

In small deformation theory, this stress is symmetric, that is, oxy = oyx, 0y; = 07y, and ozx = ;. There
are only six independent components and sometimes the stress can be expressed in the vector form

o = {O-XX’ Jyys JZZa ny9 O—yZ’ UZX} (7013)

The principle stresses o1, 0y, and 03 (0] > 0y > 03) are the eigenvalues of the symmetric tensor
ojj in Equation 701.2 and can be obtained by solving the equation

Uxx -0 ny sz
Ozx Ozy Oz —0O

or in alternative form
o} —hLo?—Lo-I3=0 (701.5)

The three first-type stress invariants are then

Iy = o
= Oxx +0yy+0z
= 01 +03+03 (701.6)
1
L, = Eazjgji
= —(OxxOyy + OyyOzz + 0770 )+((T2 + o2 +02)
= xxOyy + OyyOzz + Ozz0xx xy T Oyz T Oz
= —(0109 + 0903 + 0301) (701.7)
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1
Iz = gU,‘ijkai = det (Uij)
_ ’ B 2 2 2
= OxxOyyOzz + 20xy0y;0zx (UxnyZ + 0y 05 + O'ZZO'xy)
= 0107203 (701.8)

The stress 0 can be decomposed into the hydrostatic stress o,,0;; and deviatoric stress s;; as
ojj = omdjj + sj7, with the definitions
1 1
Om = 511, Sij =04 — gakkéij (701.9)
where §;; is the Kronecker operator such that d;; = 1 for i = j and §;; =0 for i #.
Since both hydrostatic and deviatoric stresses are stress tensors, they have their own coordinate-
independent stress invariants respectively. The three invariants of the hydrostatic stress are

I} =30m=1;, I =-3c} = -1112, L=0) = ilf (701.10)
3 27
Since Iy, I, and I3 are all simple functions of I}, the hydrostatic stress state can therefore be represented
by only one variable 1.
The three eigenvalues of the deviatoric stresses s;; are called principal deviatoric stresses, with the
order s1 > 5o > s3. The three invariants of the deviatoric stress are

J| = si=0 (701.11)
1
J2 = Es,-jsjl-
15
= ZI7+1
371 T2
1
= (l@1-02) +(02-03)* + (93~ 01)’]
= —(SxxSyy + SyySzz + Szz8xx0) + (S)%y + ng + sgx
1
= E(s% + s% + s%) = —(s189 + 5253 + 5351) (701.12)
1
J3 = gs,-jsjksk,- =det(S,'j)
A O A < S AR 0 S

1
= ﬁ(201 -0y —-03)(200 - 03-01)(203 - 01 —02)

2 2 2
= SuSyySzz + 2SxySyzSzx — (SxxSy; + SyySye + Sz28%y)
515253 (701.13)

The deviatoric stress state can therefore be represented by only two variables J, and J3.

Combining hydrostatic and deviatoric stress, we can conclude that the stress state can be be repre-
sented by three variables I}, J, and J3. Using the three invariants (I1,J,,J3) or its equivalents instead
of the nine components of o;; is widely used in geomechanics.
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The stress state may also be described in three dimensional space (p, ¢, 0,), defined as

1
p o= - (701.14)
g = /3, (701.15)
0y = = arccos %Ji (701.16)
3 2 J3
2

where 001] is the stress Lode's angle (0 < 60” < 7/3). A stress state with 6, = 0 corresponds to the
meridian of conventional triaxial compression (CTC), while 6, = 7/3 to the meridian of conventional
triaxial extension (CTE). The relationship between (o1, 02,03) and (,q,05) is

cos 0,
o1 2
2
o | =p+34 cos (05 — =) (701.17)
03

cos (B + 577)

The line of the principal stress space diagonal is called hydrostatic axis. Any plane perpendicular to
the hydrostatic axis is an deviatoric plane, or m plane. The Haigh-Westergaard three dimensional stress
coordinate system (&, p,05) Chen and Han (1988a), is defined as

=—=-V3 701.18
3 NG P ( )

2
p=+/2Jr= \/;q (701.19)

The Haigh-Westergaard invariants have physical meanings. ¢ is the distance of the deviatoric plane to
the origin of the Haigh-Westergaard coordinates, and p is the distance of a stress point to the hydrostatic
line and represents the magnitude of the deviatoric stress. The projections of the axes o, 05 and o3 on
the deviatoric plane are assumed 0/1, 0’2 and ag respectively. (p,05) is the polar coordinate system in the
deviatoric plane with the a’l the polar axis and 6, the polar angle. The relationship between (o1, 02, 03)
and (&, p,05) is

cos 0,
01 2
1 2
oy | =—=€c+/2p| 0805 —37) (701.20)
03 V3 3

cos (6, + g?’l’)

701.2.1.1 Stress Rotations

Two-dimensional stress rotation. In two dimensions, the Cauchy stress tensor o;; (i,j = 1,2) transforms
under a change of orthonormal basis according to the second-order tensor transformation rule.

i = Qik Qji ok (701.21)

The rotation tensor Q;; is orthogonal and satisfies the following properties.

Qi Qjk = dij, det Qj = +1 (701.22)
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For a planar rotation by angle 6, the rotation tensor may be written explicitly.

cosf sme} (701.23)

Qjj = {—sin& cos

The transformed stress components al’-j follow directly from the tensor transformation law.
In details:

Three-dimensional stress rotation. In three dimensions, the Cauchy stress tensor o;; (i,j = 1,2, 3) trans-
forms under a general rigid-body rotation according to the same second-order tensor transformation rule.

o} = Qi Qi o (701.24)

The rotation tensor Q;; defines a proper orthogonal transformation of the coordinate basis and
satisfies the orthogonality conditions.

Qi Qi =%, QuiQxj = 0y (701.25)

The traction vector #; acting on a plane with unit normal »; is defined as follows.

t; = oyn; (701.26)

The normal and shear components of the stress acting on the plane are obtained by projection.

op = Niojn; (701.27)

Ti =t — Ooph; (701.28)

The principal stresses and principal directions are obtained from the eigenvalue problem.

o =D, a=1,23 (701.29)
Stress invariants are preserved under rigid-body rotations. The first invariant and deviatoric stress

tensor are given by

Iy = oy (701.30)

Sij = O'lj akké,-j (701.31)

W=
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701.2.2 Strain

Point P(x;) and nearby point Q(x; + dx;) displace due to applied loading to new positions P(x; + U;) and
Q(u; + (Qu;/0x;)dx;). We can define a displacement gradient tensor u;; as
_ Ou;

5= g (701.32)

Matrix form of the displacement gradient can decomposed into the symmetric and antisymmetric parts

| 1
Ui w1 U3 LN g +uzy) Sz +usy)
upl upp up3 | = 5(upgt+ugp) %) 5(up3 +u37)
Ul uzp U33 3z g +ur3) S(uzp+uz3) u33
0 Tuio—uzy) %urz—uzy)
1
+ | F(ug —up2) 0 sz 3 —u32) (701.33)
1 1
F(uz g —up3) uzn—up3) 0
or
Ujj = €jj + Wij (701'34)
where
1
e = 5 (i +uj0) (701.35)
1
wij = 5 (uij = i) (701.36)

The symmetric part of the deformation gradient tensor, €jj, 1S the small deformation strain tensor 1,
while the antisymmetric part of the deformation gradient tensor, wij, is the rotation motion tensor. The
matrix form of the strain €jj is

1 1
€xx €xy €xz €x 3 Yxy  2Vxz
- — 1
e=| ex €y €; | = %’yyx ley Wz (701.37)
€ €y €z 27xx 270zy &

The engineering strain is usually expressed in the vector form

T
€= {Ex’ €y, €z, Vxys Vyzo 'sz} (701.38)

Note that the engineering shear strain ;; is the double of the corresponding strain component ¢;;.
Similar to the stress tensor, the strain tensor also has three principle strains €;(¢; > €3 > €3), and
three strain invariants /1, I3, and I}, defined as
/
Iy = €
= 6\)
= exteyteg
= €] t€x+e€3 (701.39)

1Here the second and higher order derivative terms are neglected due to the small deformation assumption.
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4 !
= eien
2 2 g
= —(Exx€yy + Eyy€ry + €57€ )+(e2 + €2 +62)
= xx€yy T Eyy€zz + €zz€xx xy T €yz T €xx
= —(e16p + €€z + €3€1) (701.40)
, 1
13 = geijejkeki = det (El'j)
_ ’ 2 2 2
= Exx€yy€zz + 2exy€yzeo — (Exx€y, + €yz€7 + €22€xy)
= €1€)€3 (701.41)

The first strain invariant is also called the volumetric strain ¢,.
The strain €; can be decomposed into the hydrostatic strain €,;;0;; and deviatoric strain ¢;; through
€jj = €mOjj + ejj where:
1, 1
€Em = gll, eil' = Eij - gﬁkk(sl] (70142)
Since both hydrostatic and deviatoric strains are strain tensors, they have their own strain invariants
respectively. The three invariants of the hydrostatic strain are

1 1
I} =3em=1], Ib=-3e= —5(11)2, L=¢ = E(l{)3 (701.43)
The hydrostatic strain state can therefore be represented by only one variable I{.

The three eigenvalues of the deviatoric strains ¢;; are called principal deviatoric strains, with the order
€1 > ey > e3. The three invariants of the deviatoric strain are

J = =0 (701.44)
, 1
Jz = Eel]e],

= %(1{)2 +14
1
= 8[(61 —e) + (e -3 + (35— €)%

2 2 2
= —(exxeyy + eyyerz +ezzexx) + (exy tey t ez

1
= 5(6% + e% + e%) =—(ejey + enez + e3eq) (701.45)
, 1
J3 = geijejkek,- = det(eij)
1 2 1 1
I VR U /S airg (AT S U (e (AN

1
= ﬁ(261 —er—€3)2ep—e3—€1)2e3—€1 — €3)

2 2 2
= exxeyyer; + 2exyeyzezx — (exxeyz +eyysy, + ezzexy)
= ejepe3 (70146)

The deviatoric strain state can therefore be represented by only two variables Jé and Jé.

Jeremi¢ et al. University of California, Davis version: 07Apr2026, 13:22



ESSI Notes 701.2. STRESS AND STRAIN page: 2530 of 2954

Combining the hydrostatic and deviatoric strain, we can conclude that the strain state can be be
represented by three variables I{, J5 and J}.
Strain state may also be represented with another three invariant (¢p, €4, 0¢), defined as

o = 1| =—¢ (701.47)
J/
g = 2 32 (701.48)
JI
O = 1arccos ﬂ 3 (701.49)

3 2 \/@

where 0 is the strain Lode's angle and 0 < 6. < 7/3. The relationship between (¢1, €2, €3) and (ep, €4, 0¢)
is

cos O
€] 2
1
Q | =+ \/}q cos (0c — §7r) (701.50)
€3 cos (0 + §7r)

701.2.2.1 Strain Rotations

Two-dimensional strain rotation. In two dimensions, the infinitesimal strain tensor Eif (i,j =1,2) trans-
forms under a change of orthonormal basis according to the second-order tensor transformation rule.

e = Qik Qji €xi (701.51)

The rotation tensor Q;; is orthogonal and satisfies the following properties.

Qi Qjk = 6jj,  det Oy = +1 (701.52)

For a planar rotation by angle 8, the rotation tensor may be written explicitly.

cosf sin 0} (701.53)

Qj = {—sin@ cos 0

The transformed strain components sﬁ-j follow directly from the tensor transformation law.

Three-dimensional strain rotation. In three dimensions, the infinitesimal strain tensor gy (i,J = 1,2,3)
transforms under a general rigid-body rotation according to the same second-order tensor transformation
rule.

e = Qik Qji €xi (701.54)

The rotation tensor Q;; defines a proper orthogonal transformation of the coordinate basis and
satisfies the orthogonality conditions.
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Qi Qjk = djj> OkiOxj = 0jj (701.55)

The infinitesimal strain tensor is defined in terms of the displacement field u; as

= 5 (uij + 1) (701.56)

Ejj

where () ; denotes partial differentiation with respect to the spatial coordinate x;.
The volumetric strain is defined as the trace of the strain tensor.

Ey = Ejj (701.57)

The deviatoric strain tensor is defined by removing the volumetric contribution.

e,-j = 6,']' - %ekké,-j (701'58)

Strain invariants are preserved under rigid-body rotations, ensuring objectivity of the kinematic de-
scription.

701.2.3 Application of 2D Stress and Strain Transformation to Strain—Stress Rosettes

Strain rosette: purpose and assumptions. A strain rosette is used to determine the complete in-plane
strain state at a point when the principal directions are unknown. The method relies directly on the
two-dimensional strain transformation equations.

The following assumptions apply: small strains, linear elastic material behavior, isotropy, plane stress
or plane strain conditions, and perfect bonding between the strain gages and the material surface.

Strain measured by a single gage. A strain gage oriented at an angle 6 with respect to the x-axis mea-
sures the normal strain along its axis. This measured strain is obtained by projecting the strain tensor
onto the gage direction.

€g = Nin;ej; (701.59)

The unit vector along the gage direction is defined as

n; = (cos , sin ) (701.60)

Expanding the projection explicitly yields

€9 = Exx cos? 0 + Eyy sin? 6 + 2¢exy sinf cos 0 (701.61)

This expression is identical to the two-dimensional strain transformation equation.
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General three-element strain rosette. Consider a strain rosette consisting of three gages oriented at
angles 61, 65, and 03. The measured strains are denoted by

ED=gp, a=123 (701.62)

Each measurement satisfies the transformation relation

e@ = £, cos? O, + Eyy sin® 0, + 2¢yy sin B, cos O, (701.63)

The three measurements form a linear system that may be solved for the unknown strain components
Exx, Eyy, and exy.

Rectangular strain rosette (0°-45°-90°). For a rectangular rosette, the gage orientations are

0, =0°  0,=45,  63=90° (701.64)

The measured strains are denoted by €, €45, and 9. Solving the transformation equations yields
the in-plane strain components

Eyy = €90 (701.66)
Exy = €45 — % (eg +€90) (701.67)

These expressions are exact within the stated assumptions.

Principal strains and principal directions. The principal strains are obtained from the eigenvalue prob-
lem associated with the strain tensor. In two dimensions, they are given explicitly by

Exx + € Exx — Eyy\ 2
51’2=M2wi\/(”2y>) +ed (701.68)

The orientation of the principal strain directions satisfies

2
tan 26, = ——2 (701.69)

Exx — Eyy
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Stress recovery from strain (plane stress). Assuming isotropic linear elasticity under plane stress con-
ditions, the stress components are obtained from the strain components as

E
Oxx = m (5xx + V5yy) (701-70)
E
o =12 (eyy + vexx) (701.71)
E

The recovered stresses are expressed in the original x—y coordinate system.

Principal stresses obtained from rosette data. Once the in-plane stress components are known, the
principal stresses are obtained from the stress transformation equations as

+ Ovy — 2
o1 = w + \/(%2%) + o2, (701.73)

The orientation of the principal stress directions is given by

20xy

tan 26, = (701.74)

701.3 Derivatives of Stress Invariants

In this part of the Appendix, we shall derive some useful formulae, that are rarely found? in texts treating
elasto—plastic problems in mechanics of solid continua.
First derivative of I with respect to stress tensor oy

ol _ 0ok _
801-]- - aa,-j -

5

First derivative of Jop with respect to stress tensor oy;:

oJp B a(%Smnsnm) _ lasmns lasnms _
doyj doj 200y "™ 2 00y T
_ &Ynm 8(0'nm - %Ukk(snm)

Smn =

1
Smn = (6ni5jm - génm6ki5jk)smn

- doyj doj

1 1
= (6ni5jm - §5nm6ij)smn = 5m'5jm5nm - génmdijsmn = SijT

2if found at all.
thecause OnmbijSmn = 0
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First derivative of J3p with respect to stress tensor o)4:

9J3p 8(%Sijsjkski) 1 Osj 1 Osji 1 Osy;
0opqg 00pq 3 0opg Skt 3 00pg Sytki T3 00pq Sk
Osij Aoy = 30u3)) _

1
= SikSki = SjkSki = Oip0gj — 5 0ijOkpOgic)SjkSki
j j pOgj ij OkpOgk)S;
0opq JDopq 3

1 2
= 0ip0gjSjkSki = §5y5kp5qksjkski = SqkSkp — §5PqJ2D = tpqt

First derivative of s, with respect to stress tensor oy, or second derivative of Jop with respect to stress
tensors opg and opy:

Ospg 9 <qu - %5pq‘7kk> _ 9 <<5mp5nq - %5pq5mn> Umn)

O00mn O00mn O00mn

1
= <6mp5nq - 35pq5mn) = Ppgmn

Second derivative of J3p with respect to stress tensors o,y and opn:

pg _ 9 (sqksk” ~ %5”‘1JZD> _ 9 (sqkstp) 0 (%5”‘1J2D)

O0mn 00 mn 0o mn 0o mn
O (Sqksip) 2 5 0% Ds gk Ospp 2

- = = —Spp + Sgp=—— — = OpgSmn =
O00mn 3P 90 Oomn kp ™ Sqk Oomn 3 P

1 1 2
= <5qm5nk - 35qk5nm> Skp + Sqk (5km5np - 35kp6nm) - g(qusmn =

1 1 2
= <5qmsnp - 3sqp6nm> + (sqménp - 3qu5nm> - §5pqsmn =

2 2

Multiplying stiffness tensor Ej; with compliance tensor Dy

tsince %655kp5qkAsjkski = %5kp54ksikski = l(SqPS,-ksk,- = %(5174121) see also Chen and Han (1988a) page 222
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EijxiDyipg =

E 1+v /[ 2v —2v
3 (1 N l/) 2E (1 ~ 21/5,:/5](1 + 5ik5jl + 5il5jk> <1+U6k161761 + 5kp61q + 5kq61p> =

1
Z (5ik5j16kp61q + 5i15jk5kp51q + 6ik5jl(5kq‘slp + 5i15jk5kq61p) +
v

8ijOkiOkpOiq + 0ijOk10kqOtp) — 040 (0ik0j10k19pg + GitdjkOkidpq) —

1%

Y o |

o
(I1-2v)(1 +v)
1
5 (5ip5jq + 5iq5]p) +
14

(%59kgtp + 0i01p0kg) = 57y (Citdindpg + 0itdjedpa) - =

51‘]‘5k15k15pq =

v
—
2(1-2v)
312
N PwRAL
1
5 (5ip5jq + 61’(]6]'[)) +
v v
+m (6U5pq + 5’7(51’(1) T2+ (5U‘5pq + 51']'51%1) -
32
T =20y (L4 0) %4
1
3 (8ip0jq + 0ig0jp)  +
v v
220094 = 5141y
3v2
NP PwRLL

1
5 (Bipdjg +digdjp)  +

v(l+v)—v(-2v)-302
A-2v)(1+v)

‘5ij dpq

1 sym
5 (0ipdiq + digdjp) = Liing
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