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Abstract A second-order exact expression for evolution of Probability

Density Function (PDF) of stress is derived for general, one dimensional (1-

D) elastic-plastic constitutive rate equations with uncertain material param-

eters. The Eulerian–Lagrangian (EL) form of Fokker–Planck–Kolmogorov

(FPK) equation is used for this purpose. It is also shown that by using

EL form of FPK, the so called ”closure problem” associated with regular

perturbation methods used so far, is resolved too. The use of EL form of

FPK also replaces repetitive and computationally expensive deterministic

elastic-plastic computations associated with Monte Carlo technique.
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The derived general expression are specialized to the particular cases of

point location scale linear elastic and elastic–plastic constitutive equations,

related to associated Drucker-Prager with linear hardening

In a companion paper, the solution of FPK equations for 1D is presented,

discussed and illustrated through number of examples.

1 Introduction

Advanced elasto–plasticity constitutive models, when properly calibrated,

are very accurate in capturing important aspects of material behavior. How-

ever, all materials’, and in particular geomaterials’ (soil, rock, concrete, pow-

der, bone etc.) behavior is uncertain due to inherent spatial and point-wise

uncertainties. These uncertainties in material properties could outweigh the

advantages gained by using advanced constitutive models. For example,

Fig. 1 shows a schematic of anticipated influence of material uncertainties

on a bi-linear elastic-plastic stress-strain behavior. Depending on uncertain-

ties in material properties and interaction between them, the behavior of

the same material could be very different.

The uncertainties in material properties are inevitable in real materials

and it is best to account for them in modeling and simulation. In traditional

deterministic constitutive modeling, material models are calibrated against

set of experimental data. Although those experimental data sets generally

exhibit statistical distribution, the models are usually calibrated against the

mean of the data and all the information about uncertainties is neglected.
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Fig. 1 Anticipated Influence of Material Fluctuations on Stress-Strain Behavior

The modeling and simulation of solids and structures with uncertain

material properties involves two steps: (a) classification and quantification

of uncertainties and (b) propagation of uncertainties through governing dif-

ferential equations.

The uncertainties can be broadly classified into aleatory and epistemic

types. Aleatory uncertainties are associated with the inherent variabilities

of nature. This type of uncertainty can not be reduced. Highly developed

mathematical theory is available for dealing with aleatory uncertainty. On

the other hand, epistemic uncertainties arise due to our lack of knowledge.

This type of uncertainty can be reduced by collecting more data but the

mathematical tools to deal with them are not highly developed (e.g. fuzzy

logic Zadeh (1983), convex models Ben-Haim and Elishakoff (1990), interval

arithmetic Moore (1979) etc.). Hence, it proves useful to trade epistemic un-

certainties for aleatory uncertainties in order to facilitate their propagation
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through the governing equations using advanced mathematical tools. It is

important to note that in trading-off epistemic uncertainties for aleatory

uncertainties, one doesn’t reduce the total uncertainties in the system, but

assumes that the uncertainties in the system are irreducible. Under the

framework of probability theory, uncertain material parameters are mod-

eled as random variables or random fields (Vanmarcke, 1983). We note

recent works in quantifying the uncertainties in material (soil) properties

for geotechnical engineering applications, Lumb (1966), Vanmarcke (1977),

Mayerhoff (1993), DeGroot and Baecher (1993), Popescu (1995), Lacasse

and Nadim (1996), Popescu et al. (1998), Phoon and Kulhawy (1999a,b),

Fenton (1999a,b), Duncan (2000), Rackwitz (2000), Marosi and Hiltunen

(2004), and Stokoe II et al. (2004) The issue of uncertain material properties

becomes very pronounced when one starts dealing with the boundary value

problems with uncertain material properties (elastic or elastic–plastic).

In mechanics, the equilibrium equation,Aσ = φ(t), together with the

strain compatibility equation, Bu = ǫ, and the constitutive equation, σ =

Dǫ, are sufficient1 to describe the behavior of the solid. Rigorous math-

ematical theory has been developed for problems where the only random

parameter is the external force φ(t). In this case, the probability distribution

function (PDF) of the response process will satisfy FPK partial differential

1 Generalized stress is σ, φ(t) is generalized forces that can be time dependent, u

is generalized displacements, ǫ is generalized strain and A, B, and D are operators

which could be linear or non-linear.
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equation (Soize, 1994) . With appropriate initial and boundary conditions

the FPK PDE can be solved for PDF of response variable. The numer-

ical solution method for FPK equation by finite element method (FEM)

is described by number of researchers e.g. Langtangen (1991), Masud and

Bergman (2005).

The other extreme case, which is of interest in this work, is when the

stochasticity of the system is purely due to operator uncertainty. Exact

solution of the problems with stochastic operator was attempted by Hopf

(1952) using characteristic functional approach. Later, Lee (1974) applied

the methodology to the problem of wave propagation in random media and

derived a FPK equation satisfied by the characteristic functional of the ran-

dom wave field. This characteristic functional approach is very complicated

for linear problems and becomes even more intractable (and possibly un-

solvable) for nonlinear problems and problems with irregular geometries and

boundary conditions.

Monte Carlo simulation technique is an alternative to analytical solution

of partial differential equation with stochastic coefficient. Nice descriptions

of different aspects of formulation of Monte Carlo technique for stochastic

mechanics problem is described by Schueller (1997a). Monte Carlo method

is very popular tool with the advantage that accurate solution can be ob-

tained for any problem whose deterministic solution (either analytical or

numerical) is known. Monte Carlo technique has been used by a number

of researchers in obtaining probabilistic solution of geotechnical boundary
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value problems, e.g. Paice et al. (1996); Griffiths et al. (2002); Fenton and

Griffiths (2003, 2005). Popescu et al. (1997), Mellah et al. (2000), De Lima

et al. (2001), Koutsourelakis et al. (2002), Nobahar (2003). The major dis-

advantage of Monte Carlo analysis is the repetitive use of the deterministic

model until the solution variable become statistically significant. The com-

putational cost associated with it could be very high especially for non–

linear problems with multiple uncertain material properties.

Various difficulties in finding analytical solutions and the high computa-

tional cost associated with Monte Carlo technique instigated development

of numerical method for the solution of stochastic differential equation with

random coefficient. For stochastic boundary value problems Stochastic Fi-

nite Element Method (SFEM) is the most popular such method. There ex-

ist several formulations of SFEM, among which perturbation (Kleiber and

Hien (1992); Der Kiureghian and Ke (1988); Mellah et al. (2000); Gutier-

rez and De Borst (1999)) and Spectral (Ghanem and Spanos (2003); Keese

and Matthies (2002); Xiu and Karniadakis (2003); Debusschere et al. (2003);

Anders and Hori (2000)) methods are very popular. A nice review on advan-

tages and disadvantages of different formulations of SFEM was provided by

Matthies et al. (1997). Mathematical issues regarding different formulations

of SFEM was addressed by Deb et al. (2001) and Babuska and Chatzipante-

lidis (2002). It is important to note that most of the formulations described

in the above mentioned references are for geometrically linear or nonlinear

problems with linear elastic material.
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A limited number of references is also available related to geometric non–

linear problems, Liu and Der Kiureghian (1991); Keese and Matthies (2002)

and Keese (2003)). Similarly, there exist only few published references re-

lated to material non–linear (elastic–plastic) problems with uncertain ma-

terial parameters. The major difficulty in extending the available formu-

lations of SFEM to general elastic–plastic problem is the high non–linear

coupling in the elastic–plastic constitutive rate equation. First attempt to

propagate uncertainties through elastic–plastic constitutive equations con-

sidering random Young’s modulus was published only recently, e.g. Anders

and Hori (1999, 2000). The perturbation expansion at the stochastic mean

behavior (considering only the first term of the expansion) was used for the

material nonlinear part in the above mentioned references. In computing the

mean behavior the Authors took the advantage of bounding media approx-

imation. Although this method doesn’t suffer from computational difficulty

associated with Monte Carlo method for problems having no closed-form

solution, it inherits ”closure problem” and the ”small coefficient of varia-

tion” requirements for the material parameters. Closure problem refers to

the need for higher order statistical moments in order to calculate lower or-

der statistical moments Kavvas (2003). The small COV requirement claims

that the perturbation method can be used (with reasonable accuracy) for

probabilistic simulations of solids and structures with uncertain properties

only if their COV < 20 % (Sudret and Der Kiureghian, 2000). For soils and

other natural materials, COVs are rarely below 20 % (Lacasse and Nadim
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(1996); Phoon and Kulhawy (1999a,b)). Furthermore, with bounding media

approximation, difficulty arises in computing the mean behavior when one

considers uncertainties in internal variable(s) and/or direction(s) of evolu-

tion of internal variable(s).

The focus of present work is on development of methodology for the

probabilistic simulation of constitutive behavior of elastic–plastic materi-

als with uncertain properties. Recently, Kavvas (2003) obtained a generic

Eulerian–Lagrangian (EL) form of FPK equation, exact to second-order,

corresponding to any non–linear ordinary differential equation with random

coefficients and random forcing. The approach using EL form of the FPK

equation doesn’t suffer from the drawbacks of Monte Carlo method and per-

turbation technique. In this paper the authors applied developed EL form

of the FPK equation to obtain probabilistic formulation for a general, one-

dimensional incremental elastic–plastic constitutive equation with random

coefficient. The solution methodology is designed with several applications

in mind, namely to

– obtain probabilistic stress–strain behavior from spatial average form (up-

scaled form) of constitutive equation, when input uncertain material

properties to the constitutive equation are random fields; and

– obtain probabilistic stress-strain behavior from point-location scale con-

stitutive equation, when input uncertain material properties to the con-

stitutive equation are random variables.
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Application of the developed methodology is demonstrated on a particular

point-location scale one-dimensional constitutive equation, namely Drucker–

Prager associative linear hardening elastic–plastic material model. In this

paper, derivation is made of the EL form of FPK equation that govern

the 1D probabilistic elastic–plastic material models with uncertain material

parameters. This general formulation is then specialized to a particular 1D

Drucker–Prager associative linear hardening material model. It is noted that

the solution of FPK equations can be quite computationally intensive. How-

ever, in presented case, with 1D constitutive problem, this solution poses

no significant computational burden. It is also noted that the solutions of

FPK in stress–strain space inherently represents a Markov process. In other

words, there is no probability of switching to alternate equilibrium branch

(say softening branch with localization of deformation) as Markov process

requires that paths in probability density space are strictly followed from

initial conditions all through the loading process.

In the companion paper the solution methodology of the FPK equa-

tion corresponding to Drucker–Prager associative linear hardening mate-

rial model is described, along with illustrative examples. The methodology

is general enough that it allows extension to three-dimensions and incor-

poration into a general stochastic finite element framework. This work is

underway and will be reported in future publications.
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2 General Formulation

The incremental form of spatial-average elastic-plastic constitutive equation

can be written as

dσij(xt, t)

dt
= Dijkl(xt, t)

dǫkl(xt, t)

dt
(1)

where xt is current spatial location at time t, and the continuum stiffness

tensor Dijkl(xt, t) can be either elastic or elastic-plastic

Dijkl =
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
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∂f

∂σrs
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∂U

∂σtu

− ∂f

∂q∗
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; f = 0 ∨ df = 0

(2)

and where Del
ijkl is the elastic stiffness tensor, Dep

ijkl is the elastic–plastic

continuum stiffness tensor, f is the yield function, which is a function of

stress (σij) and internal variables (q∗), U is the plastic potential function

(also a function of stress and internal variables). The internal variables (q∗)

could be scalar(s) (for perfectly-plastic and isotropic hardening models),

second-order tensor (for translational and rotational kinematic hardening)

or fourth-order tensor (for distortional hardening). Therefore, the most gen-

eral form of incremental constitutive equation in terms of its parameters can

be written as

dσij(xt, t)

dt
= βijkl(σij ,Dijkl, q∗, r∗;xt, t)

dǫkl(xt, t)

dt
(3)

Due to randomnesses in elastic constants (Del
ijkl) and internal variables (q∗)

and/or rate of evolution of internal variables (r∗) the material stiffness op-
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erator βijkl in Eq. (3) becomes stochastic. It follows that the Equation (1)

becomes a linear/non-linear ordinary differential equations with stochas-

tic coefficients. Similarly, randomness in he forcing term (ǫkl) of Equa-

tion (3) results in Equation (3) becoming linear/non-linear ordinary dif-

ferential equations with stochastic forcing. This can be generalized, so that

randomnesses in material properties and forcing function of Equation (3)

results in Equation (3) becoming a linear/non-linear ordinary differential

equation with stochastic coefficients and stochastic forcing.

In order to gain better understanding of the effects of random material

parameters and forcing on response, focus is shifted from a general 3D case

to a 1D case. In what follows, the probabilistic formulation for 1-D consti-

tutive elastic–plastic incremental equation with stochastic coefficient and

stochastic forcing is derived. In addition to that, the probabilistic formula-

tion for 1-D elastic linear constitutive equation is obtained as a special case

of non-linear general derivation.

Focusing on 1-D behavior, the Eq. (3) is written as

dσ(xt, t)

dt
= β(σ,D, q, r;xt, t)

dǫ(xt, t)

dt
(4)

which is a non-linear ordinary differential equation with stochastic coeffi-

cient and stochastic forcing. The right hand side of Eq. (4) is replaced with

the function η as

η(σ,D, q, r, ǫ;x, t) = β(σ,D, q, r;xt, t)
dǫ(xt, t)

dt
(5)
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so that now Eq. (4) can be written as

∂σ(xt, t)

∂t
= η(σ,D, q, r, ǫ;x, t) (6)

with initial condition,

σ(x, 0) = σ0 (7)

In the above Eq. (6) σ can be considered to represent a point in the

σ-space and hence, the Eq. (6) determines the velocity for the point in that

σ-space. This may be visualized, from the initial point, and given initial

condition σ0, as a trajectory that describes the corresponding solution of

the non-linear stochastic ordinary differential equation (ODE) (Eq. (6)).

Considering now a cloud of initial points (refer to Fig. 2), described by a

density ρ(σ, 0) in the σ-space.

Fig. 2 Movements of Cloud of Initial Points, described by density ρ(σ, 0), in the

σ-space



Probabilistic Elasto-Plasticity: Formulation in 1D 13

The phase density ρ of σ(x, t) (movement of any point dictated by

Eq. (6)) varies in time according to a continuity equation which expresses

the conservation of all these points in the σ-space. This continuity equation

can be expressed in mathematical terms, using Kubo’s stochastic Liouville

equation (Kubo, 1963):

∂ρ(σ(x, t), t)

∂t
= − ∂

∂σ
η[σ(x, t),D(x), q(x), r(x), ǫ(x, t)].ρ[σ(x, t), t] (8)

with an initial condition,

ρ(σ, 0) = δ(σ − σ0) (9)

where δ is the Dirac delta function and Eq. (9) is the probabilistic restate-

ment in the σ-phase space of the original deterministic initial condition

(Eq. (7)). Here it proves useful to recall Van Kampen’s Lemma (Van Kam-

pen, 1976), which states that the ensemble average of a phase density is the

probability density

< ρ(σ, t) >= P (σ, t) (10)

where, the symbol < · > denotes the expectation operation, and P (σ, t)

denotes evolutionary probability density of the state variable σ of the con-

stitutive rate equation (Eq. (4)).

In order to obtain the deterministic2 probability density function (PDF)

(σ, t) of the state variable, σ, it is necessary to obtain the deterministic

partial differential equation (PDE) of the σ-space mean phase density <

2 The probability density function describes probability of occurrence of certain

event, but is a deterministic quantity.
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ρ(σ, t) > from the linear stochastic PDE system (Eqs. (8) and (9)). This

necessitates the derivation of the ensemble average form of Eq. (8) for <

ρ(σ, t) >.

This ensemble average was recently derived as (for detailed derivation,

refer to Kavvas and Karakas (1996))

∂ 〈ρ(σ(xt, t), t)〉
∂t

=

− ∂

∂σ

[{

Ξ(x, t) −
∫ t

0

dτΠ(x, t, τ)

}

〈ρ(σ(xt, t), t)〉
]

+
∂

∂σ

[∫ t

0

dτΩ(x, t, τ)
∂ 〈ρ(σ(xt, t), t)〉

∂σ

]

(11)

to exact second order (to the order of the covariance time of η). In Eq. (11),

Ξ(x, t) is the ensemble average of the function η at time t and is given as,

Ξ(x, t) =

〈

η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t))

〉

;

and Π(x, t, τ) is the covariance between the function η at time t and the

derivative of the function η with respect to stress, σ, at time t − τ and is

given as,

Π(x, t, τ) = Cov0

[

η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t));

∂η(σ(xt−τ , t − τ),D(xt−τ ), q(xt−τ ), r(xt−τ ), ǫ(xt−τ , t − τ))

∂σ

]

;

while Ω(x, t, τ) is the covariance between function η at time t and function

η at time t − τ and is given as,

Ω(x, t, τ) = Cov0

[

η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t));

η(σ(xt−τ , t − τ),D(xt−τ ), q(xt−τ ), r(xt−τ ), ǫ(xt−τ , t − τ))

]
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It is important to note that the covariances appearing in the above equations

are time ordered covariances, which for two dummy variables p(x, t1) and

p(x, t2) can be written as,

Cov0 [p(x, t1); p(x, t2)] = 〈p(x, t1)p(x, t2)〉 − 〈p(x, t1)〉 · 〈p(x, t2)〉 (12)

By combining Eqs. (10) and (11) and rearranging the terms yields the

following Eulerian–Lagrangian form of second-order accurate Fokker-Planck

equation 3 (FPE) (for details, refer to Kavvas (Kavvas, 2003)):

∂P (σ(xt, t), t)

∂t
=

− ∂

∂σ

[{

Ξ(x, t) +

∫ t

0

dτΦ(x, t, τ)

}

P (σ(xt, t), t)

]

+
∂2

∂σ2

[∫ t

0

dτΩ(x, t, τ)P (σ(xt, t), t)

]

(13)

where, Φ(x, t, τ) is the time-ordered covariance between the derivative of

the function η with respect to stress, σ at time t and the function η at time

t − τ and is given as,

Φ(x, t, τ) = Cov0

[

∂η(σ(xt, t),D(xt), q(xt), r(xt)ǫ(xt, t))

∂σ
;

η(σ(xt−τ , t − τ),D(xt−τ ), q(xt−τ ), r(xt−τ ), ǫ(xt−τ , t − τ))

]

Eq. (13) is the most general relation for probabilistic behavior of in-

elastic (non–linear, elastic–plastic) 1-D stochastic incremental constitutive

equation. The solution of this deterministic linear FPE (Eq. (13)), in terms

of the probability density P (σ, t), under appropriate initial and boundary

3 also known as Forward–Kolmogorov Equation or Fokker–Planck–Kolmogorov

(FPK) equation (Risken, 1989), (Gardiner, 2004), (Schueller, 1997a)
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conditions will yield the PDF of the state variable σ of the original 1-D non-

linear stochastic constitutive rate equation (Eq. (4)). It is important to note

that while the original equation (Eq. (4)) is non-linear, the FPE (Eq. (13))

is linear in terms of its unknown, the probability density P (σ, t) of the state

variable σ. This linearity, in turn, provides significant advantages in the so-

lution of the probabilistic behavior of the incremental constitutive equation

(Eq. (4)).

One should also note that Eq. (13) is a mixed Eulerian-Lagrangian equa-

tion. This stems from the fact that while the real space location xt at time

t is known, the location xt−τ is an unknown. If one assumes small strain

theory, one can relate the unknown location xt−τ from the known location

xt by using the strain rate, ǫ̇ (=dǫ/dt) as,

xt−τ = (1 − ǫ̇τ)xt (14)

Once the probability density function P (σ, t) is obtained it can be used to

obtain the mean of state variable (σ) by usual expectation operation

< σ(t) >=

∫

σ(t)P (σ(t))dσ(t) (15)

Another possible way to obtain the mean of state variable is to use the

equivalence between FPE and Itô–operator stochastic differential equation

(Gardiner, 2004). In this case Itô–operator stochastic differential equation
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equivalent to Eq. (13) is

dσ(x, t) =

{〈

η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t))

〉

+

∫ t

0

dτCov0

[

∂η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t))

∂σ
;

η(σ(xt−τ , t − τ),D(xt−τ ), q(xt−τ ), r(xt−τ ), ǫ(xt−τ , t − τ))

]}

dt

+ b(σ, t)dW (t) (16)

where,

b2(σ, t) = 2

∫ t

0

dτCov0

[

η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t));

η(σ(xt−τ , t − τ),D(xt−τ ), q(xt−τ ), r(xt−τ ), ǫ(xt−τ , t − τ))

]

(17)

and, dW (t) is an increment of Wiener process W with < dW (t) >= 0. It

is also interesting to note that all the stochasticity of the original equation

(Eq. (4)) are lumped together in the last term (Wiener increment term)

of the right-hand-side of Eq. (16). By taking advantage of the independent

increment property of the Wiener process (< dW (t) >= 0), one can derive

the differential equation which describes the evolution of mean of state

variable (σ) of the nonlinear constitutive rate equation in time and space

as, (e.g. (Kavvas, 2003))

< dσ(x, t) >

dt
=

〈

η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t))

〉

+

∫ t

0

dτCov0

[

∂η(σ(xt, t),D(xt), q(xt), r(xt), ǫ(xt, t))

∂σ
;

η(σ(xt−τ , t − τ),D(xt−τ ), q(xt−τ ), r(xt−τ ), ǫ(xt−τ , t − τ))

]

(18)
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Eq. (18) is a nonlocal integro-differential equation in Eulerian-Lagrangian

form, since, although the location xt at time t is known, the Lagrangian lo-

cation xt−τ is an unknown which is determined by Eq. (14). It is important

to note that the state variable appearing within η(·) on the right-hand-side

of Eq. (18) is random and needs to be treated accordingly.

This concludes the development of relation for probabilistic behavior of

1-D elastic–plastic constitutive incremental equation with stochastic coeffi-

cients and stochastic forcing in most general form. In the following section

the developed general relation is specialized to two particular types of point-

location scale constitutive modeling: a) 1-D (shear) linear elastic constitu-

tive behavior, and b) 1-D (shear) elastic-plastic Drucker-Prager associative

linear hardening constitutive behavior.

3 Linear Elastic Probabilistic 1-D Constitutive Incremental

Equation

The 1-D (shear) point-location scale linear elastic constitutive rate equation

can be written as

dσ12

dt
= G

dǫ12
dt

(19)

so that the function η, defined in Eq. (5), can be written as

η = G
dǫ12
dt

(20)

and hence, considering both the shear modulus, G and the strain rate,

dǫ12/dt(t) as random, one can substitute Eq. (20) in Eq. (13) to obtain
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the particular FPK equation for the probabilistic behavior of 1-D (shear)

point-location scale linear elastic constitutive incremental equation as,

∂P (σ12(t), t)

∂t
=

− ∂

∂σ12

[{〈

G
dǫ12
dt

(t)

〉

+

∫ t

0

dτCov0

[

∂

∂σ12

(

G
dǫ12
dt

(t)

)

;G
dǫ12
dt

(t − τ)

]}

P (σ12(t), t)

]

+
∂2

∂σ2
12

[{∫ t

0

dτCov0

[

G
dǫ12
dt

(t);G
dǫ12
dt

(t − τ)

]}

P (σ12(t), t)

]

(21)

The first random process in the covariance term of the first coefficient on

the r.h.s of above equation (Eq. (21)) is independent of σ12 and by noting

that covariance of zero with any random process is zero, one can further

simplify the above equation as,

∂P (σ12(t), t)

∂t
=

− ∂

∂σ12

[〈

G
dǫ12
dt

(t)

〉

P (σ12(t), t)

]

+
∂2

∂σ2
12

[{∫ t

0

dτCov0

[

G
dǫ12
dt

(t);G
dǫ12
dt

(t − τ)

]}

P (σ12(t), t)

]

(22)

Given the random shear modulus and shear strain rate random process,

with appropriate initial and boundary conditions, Eq. (22) will predict the

evolution of probability density function of shear stress with time following

1-D linear elastic shear constitutive incremental equation. Once the PDF of

shear stress is obtained, one can integrate it to obtain mean (ensemble aver-

age) and covariance of the temporal-spatial random field of shear stress. It
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should be noted that there exist several other exact methods (e.g. cumulant

expansion method) to obtain probabilistic behavior of stochastic processes

driven by linear ordinary differential equations. The main objective of FPK

based approach presented here is to deal with non-linear stochastic pro-

cesses (e.g. elastic-plastic constitutive rate equation) and the linear elastic

case is obtained as a special case of that non-linear process.

4 Elastic–Plastic Probabilistic 1-D Constitutive Incremental

Equation

For materials obeying Drucker-Prager yield criteria (without cohesion), the

yield surface can be written as:

f =
√

J2 − αI1 (23)

where J2 = 1
2Sijsij is the second invariant of the deviatoric stress ten-

sor sij = σij − 1/3δijσkk, and I1 = σii is the first invariant of the stress

tensor, and α, an internal variable, is a function of friction angle (α =

2 sin(φ)/(
√

(3)(3 − sinφ)), where φ is the friction angle (e.g. (Chen and

Han, 1988)).

By assuming associative flow rule, so that the yield function has the

same derivatives as the plastic flow function

∂f

∂σij

=
∂U

∂σij

(24)
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one can expand parts of the tangent constitutive tensor given in Eq. (2)

(from Page 10), to read4

Akl =
∂f

∂σpq

Dpqkl = Akl

∂f

∂I1

(

G

(

∂I1

∂σ11
δ1lδ1k +

∂I1

∂σ22
δ2lδ2k +

∂I1

∂σ33
δ3lδ3k

)

+

(

K − 2

3
G

)

∂I1

∂σcd

δcdδkl

)

+
∂f

∂
√

J2

(

G
∂
√

J1

∂σij

δikδjl +

(

K − 2

3
G

)

∂
√

J2

∂σab

δabδkl

)

(25)

and,

B =
∂f

∂σrs

Drstu

∂f

∂σtu

=

(

∂f

∂I1

)2
(

G

(

(

∂I1

∂σ11

)2

+

(

∂I1

∂σ22

)2

+

(

∂I1

∂σ33

)2
)

+

(

K − 2

3
G

)(

∂I1

∂σij

δij

)2

+

(

∂f

∂
√

J2

)2
(

G
∂
√

J2

∂σij

∂
√

J2

∂σij

+

(

K − 2

3
G

)(

∂
√

J2

∂σij

δij

)2
))

(26)

where, K and G are the elastic bulk modulus and the elastic shear modulus

respectively.

By further assuming that the evolution of internal variable is a function

of equivalent plastic strain5, ep
eq = 2/3ep

ije
p
ij then one can write

KP = − ∂f

∂qn

rn = − 1√
3

∂f

∂α

dα

dep
eq

∂f

∂
√

J2

(27)

4 A more detailed derivation of this probabilistic differentiation is given in the

Appendix.
5 This is a fairly common assumption, e.g. (Chen and Han, 1988)
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It should be noted that since material properties are assumed to be random,

the resulting stress tensor will also become random and hence the deriva-

tives of the stress invariants with respect to stress tensor (σij) will become

random. Therefore, differentiations appearing in Eqs. (25), (26), and (27)

can not be carried out in a deterministic sense.

The parameter tensor in Eq. (1) then becomes

Dep
ijkl =































Gδikδjl +

(

K − 2

3
G

)

δijδkl ; f < 0 ∨ (f = 0 ∧ df < 0)

Gδikδjl +

(

K − 2

3
G

)

δijδkl −
AijAkl

B + KP

; f = 0 ∨ df = 0

(28)

where tensor Aij and scalars B and KP are defined by Eqs. (25), (26), and

(27) respectively. The above equation (Eq. 28) represents a probabilistic

continuum stiffness tensor for an elastic–plastic material model, in this case

Drucker-Prager isotropic linear hardening material with associated plastic-

ity. By focusing our attention on one dimensional point-location scale shear

constitutive relationship between σ12 and ǫ12 for Drucker-Prager material

model, one can simplify the function η(σ,D, q, r, ǫ;x, t) as defined in Eq. (5)

(on Page 11) to read

η =



































G
dǫ12
dt

; f < 0 ∨ (f = 0 ∧ df < 0)










G −
G2

(

∂f

∂
√

J2

√
J2

∂σ12

)2

B + KP











dǫ12
dt

; f = 0 ∨ df = 0

(29)

By considering both the material properties (shear modulus G, bulk mod-

ulus K, friction angle α, and rate of change of friction angle (linear hard-

ening) α′) and the strain rate (dǫ12/dt(t)) as random, one can substitute η
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as derived in Eq. (13) to obtain the particular FPK equation for the proba-

bilistic behavior of Drucker-Prager associative linear hardening, 1-D point-

location scale elastic-plastic shear constitutive rate equation. In particular,

two cases are recognized, one for elastic (pre–yield) behavior of material

(f < 0 ∨ (f = 0 ∧ df < 0))

∂P (σ12(t), t)

∂t
=

− ∂

∂σ12

[〈

G
dǫ12
dt

(t)

〉

P (σ12(t), t)

]

+
∂2

∂σ2
12

[{∫ t

0

dτCov0

[

G
dǫ12
dt

(t);G
dǫ12
dt

(t − τ)

]}

P (σ12(t), t)

]

(30)

noting that this is the same equation as Eq. (22). In addition to that, the

case of elastic–plastic behavior (f = 0∨df = 0) is described by the following

probabilistic equation

∂P (σ12(t), t)

∂t
= − ∂

∂σ12

[{〈

(Gep(t))
dǫ12
dt

(t)

〉

+

∫ t

0

dτCov0

[

∂

∂σ12

(

Gep(t)
dǫ12
dt

(t)

)

;Gep(t − τ)
dǫ12
dt

(t − τ)

]}

P (σ12(t), t)

]

+
∂2

∂σ2
12

[{∫ t

0

dτCov0

[

Gep(t)
dǫ12
dt

(t);Gep(t − τ)
dǫ12
dt

(t − τ)

]}

P (σ12(t), t)

]

(31)

where Gep(a) is defined as probabilistic elastic–plastic kernel and is intro-

duced to shorten the writing (but will also have other uses later)

Gep(a) =











G −
G2

(

∂f

∂
√

J2(a)

∂
√

J2(a)

∂σ12(a)

)2

B(a) + KP (a)











(32)

and a assumes values t or t − τ .
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It is important to note that the differentiations appearing in the coef-

ficient terms of the FPK PDE (Eq. (31)), within the probabilistic elastic–

plastic kernel Gep(a) (i.e. Eq. (32)), are for fixed values of σ12 and hence

those differentiations can be carried out in a deterministic sense. After carry-

ing out the differentiations, the probabilistic elastic–plastic kernel becomes

Gep(a)|σ12→const. =

(

G − G2

G + 9Kα2 + 1√
3
I1(a)α′

)

(33)

which, after substitution, result in simplification of the FPK equation (31).

Further simplification is possible by noting that the first random process in

the covariance term of the first coefficient on the r.h.s of the equation (31)

is independent of σ12. Furthermore, since the covariance of zero with any

random process is zero, the FPK equation (31) is further simplified to read

∂P (σ12(t), t)

∂t
=

− ∂

∂σ12

[〈

Gep(t)
dǫ12
dt

(t)

〉

P (σ12(t), t)

]

+
∂2

∂σ2
12

[{∫ t

0

dτCov0

[

Gep(t)
dǫ12
dt

(t);Gep(t − τ)
dǫ12
dt

(t − τ)

]}

P (σ12(t), t)

]

(34)

where the probabilistic elastic–plastic kernel Gep(a) is given by the Eq. (33).

The evolution of a mean value of shear stress σ12 is obtained by substi-

tuting η (derived for Drucker-Prager material in Eq. (18)) as

< dσ12(t) >

dt
=

〈

Gep(t)
dǫ12
dt

(t)

〉

+

∫ t

0

dτCov0

[

∂

∂σ12

(

Gep(t)
dǫ12
dt

(t)

)

;Gep(t − τ)
dǫ12
dt

(t − τ)

]

(35)
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It is important to note that the derivatives appearing in the mean and

covariance term of the above Eulerian-Lagrangian integro-differential equa-

tion (Eq. (35) with the probabilistic elastic–plastic kernel defined through

the Eq. (33)) are random differentiations and need to be treated accord-

ingly. One possible approach to obtaining these differentiations could be

perturbation with respect to mean (Anders and Hori, 2000) but the ”clo-

sure problem” will appear. Hence, in this study the evolution of mean of

σ12 will be obtained by the expectation operation on the PDF (Eq. (15)).

5 Initial and Boundary Conditions for the probabilistic

elastic–plastic PDE

The PDE describing the probabilistic behavior of constitutive rate equations

can be written in the following general form:

∂P (σ12, t)

∂t
= − ∂

∂σ12

{

P (σ12, t)N(1)

}

+
∂2

∂σ2
12

{

P (σ12, t)N(2)

}

= − ∂

∂σ12

[

P (σ12, t)N(1) −
∂

∂σ12

{

P (σ12, t)N(2)

}

]

= − ∂ζ

∂σ12
(36)

where, N(1) and N(2) are coefficients6 of the PDE and represent the expres-

sions within the curly braces of the first and second terms respectively on

the right–hand–side of Eqs. ( 22), (30), and (31) These terms are called the

advection (N(1)) and diffusion (N(2)) coefficients as the form of Eq. (36)

closely resembles advection–diffusion equation (Gardiner, 2004). The sym-

bol ζ in Eq. (36) can be considered to be the probability current. This

6 Indices in brackets are not used in index summation convention.
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follows from Eq. (36), which is a continuity equation and the state variable

of the equation is probability density.

After introducing initial and boundary conditions, one can solve Eq. (36)

for probability densities of σ12 with evolution of time. The initial condition

could be deterministic or stochastic depending on the type of problem. For

probabilistic behavior of linear elastic constitutive rate equation (Eq. (22)),

one can assume that all the probability mass at time t = 0 is concentrated

at σ12 = 0 or at some constant value of σ12 if there were some initial stresses

to begin with (e.g. overburden pressure on a soil mass).

In mathematical term, this translates to,

P (σ12, 0) = δ(σ12) (37)

where, δ(·) is the Dirac delta function.

For the post–yield behavior of probabilistic elastic-plastic constitutive

rate Equation7 (34), there will be a distribution of σ12, corresponding to

the solution of the pre-yield probabilistic behavior (Eq. (30)), to begin with.

This probability mass (P (σ12(t), t)), dictated by Eq. (13), will advect and

diffuse into the domain (σ12, t space) of the system throughout the evolution

(in time/strain) of the simulation. Since it is required that the probability

mass within the system is conserved i.e. no leaking is allowed at the bound-

aries, a reflecting barrier at the boundaries will be the preferred choice. In

mathematical term, one can express this condition as (Gardiner, 2004)

ζ(σ12, t)|AtBoundaries = 0 (38)

7 Specialized to Drucker-Prager associated linear hardening model.
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In theory, the stress domain could extend from −∞ to ∞ so that boundary

conditions are then

ζ(−∞, t) = ζ(∞, t) = 0 (39)

With these initial and boundary conditions, the probabilistic differential

equation (with random material properties and random strain) for elasto–

plasticity, specialized in this case to associated Drucker–Prager material

model with linear hardening, and by using FPK transform described above,

can be solved for probability densities of shear stress (σ12) as it evolves with

time/shear strain (ǫ12).

6 Discussions and Conclusions

In this paper, a second-order exact expression for evolution of PDF of

stress was derived for any general, one-dimensional spatial-average form

elastic-plastic constitutive rate equation. The advantage of Fokker–Planck–

Kolmogorov based approach as presented here is that it doesn’t suffer from

”closure problem” associated with regular perturbation approach nor it

requires repetitive use of computationally expensive deterministic elastic-

plastic model as associated with Monte Carlo simulation technique. Fur-

thermore, the developed expression (Eq. (13)) is linear and deterministic

PDE whereas the original constitutive rate equation (Eq. (4)) was stochas-

tic and non-linear ODE. This deterministic linearity will in turn provide

great simplicity in solving the PDE (Eq. (13)) for probability densities and

subsequently mean and variance behavior of the state variable (stress) of the
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original ODE (Eq. (4)). An associated Drucker–Prager material model with

uncertain parameters was used to illustrate the general form of probabilistic

elastic and elastic–plastic equations on one dimensions.

In a companion paper, solution, discussion and illustrative examples are

presented.
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Eberhard Hopf. Statistical hydromechanics and functional calculus. Journal

of rational Mechanics and Analysis, 1:87–123, June 1952.

L. C. Lee. Wave propagation in a random medium: A complete set of the

moment equations with different wavenumbers. Journal of Mathematical

physics, 15(9):1431–1435, September 1974.

G. I. Schueller. A state-of-the-art report on computational stochastic me-

chanics. Probabilistic Engineering Mechanics, 12(4):197–321, 1997a.

G. M. Paice, D. V. Griffiths, and Gordan A. Fenton. Finite element mod-

eling of settelement on spatially random soil. Journal of Geotechnical

Engineering, 122(9):777–779, 1996.

D. V. Griffiths, Gordan A. Fenton, and N. Manoharan. Bearing capacity of

rough rigid strip footing on cohesive soil: Probabilistic study. Journal of

Geotechnical and Geoenvironmental Engineering, 128(9):743–755, 2002.

Gordan A. Fenton and D. V. Griffiths. Bearing capacity prediction of spa-

tially random c−φ soil. Canadian Geotechnical Journal, 40:54–65, 2003.

Gordan A. Fenton and D. V. Griffiths. Three-dimensional probabilistic

foundation settlement. Journal of Geotechnical and Geoenvironmental

Engineering, 131(2):232–239, February 2005.

R. Popescu, J. H. Prevost, and G. Deodatis. Effects of spatial variability

on soil liquefaction: Some design recommendations. Geotechnique, 47(5):

1019–1036, 1997.

R. Mellah, G. Auvinet, and F. Masrouri. Stochastic finite element method

applied to non-linear analysis of embankments. Probabilistic Engineering



Probabilistic Elasto-Plasticity: Formulation in 1D 33

Mechanics, 15:251–259, 2000.

B. S. L. P. De Lima, E. C. Teixeira, and N. F. F. Ebecken. Probabilistic

and possibilistic methods for the elastoplastic analysis of soils. Advances

in Engineering Software, 132:569–585, 2001.

S. Koutsourelakis, J. H. Prevost, and G. Deodatis. Risk assesment of

an interacting structure-soil system due to liquefaction. Earthquake

Engineering and Structural Dynamics, 31:851–879, 2002.

A. Nobahar. Effects of Soil Spatial Variability on Soil-Structure Interaction.

Doctoral dissertation, Memorial University, St. John’s, NL, 2003.

M. Kleiber and T. D. Hien. The Stochastic Finite Element Method: Basic

Perturbation Technique and Computer Implementation. John Wiley &

Sons, Baffins Lane, Chichester, West Sussex PO19 1UD , England, 1992.

A. Der Kiureghian and B. J. Ke. The stochastic finite element method in

structural reliability. Journal of Probabilistic Engineering Mechanics, 3

(2):83–91, 1988.

M. A. Gutierrez and R. De Borst. Numerical analysis of localization us-

ing a viscoplastic regularization: Influence of stochastic material defects.

International Journal for Numerical Methods in Engineering, 44:1823–

1841, 1999.

Roger G. Ghanem and Pol D. Spanos. Stochastic Finite Elements: A

Spectral Approach. Dover Publications, Inc., Mineola, New York, 2003.

Andreas Keese and Hermann G. Matthies. Efficient solvers for non-

linear stochastic problem. In H. A. Mang, F. G. Rammmerstor-



34 Boris Jeremić et al.
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7 Appendix

7.1 Derivation of Akl (Eq. (25))

Chain rule of differentiation for yield function f = f(I1, J2) is used to

develop equation

∂f

∂σpq

Dpqkl =
∂f

∂I1

∂I1

∂σpq

Dpqkl +
∂f

∂
√

J2

∂
√

J2

∂σpq

Dpqkl (40)

The first term in the R.H.S of Eq. (40) can be written as:

∂f

∂I1

∂I1

∂σpq

Dpqkl =
∂f

∂I1

∂I1

∂σpq

[

Gδpkδql +

(

K − 2

3
G

)

δpqδkl

]

= G
∂f

∂I1

∂I1

∂σpq

δpkδql +

(

K − 2

3
G

)

∂f

∂I1

∂I1

∂σpq

δpqδkl (41)
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where now one can write the first term on the R.H.S of Eq. (41) as,

∂I1

∂σpq

δpkδql =

(

∂I1

∂σ1q

δ1k +
∂I1

∂σ2q

δ2k +
∂I1

∂σ3q

δ3k

)

δql

=

(

∂I1

∂σ1q

δqlδ1k +
∂I1

∂σ2q

δqlδ2k +
∂I1

∂σ3q

δql

)

δ3k

=

(

∂I1

∂σ11
δ1l +

∂I1

∂σ12
δ2l +

∂I1

∂σ13
δ3l

)

δ1k

+

(

∂I1

∂σ21
δ1l +

∂I1

∂σ22
δ2l +

∂I1

∂σ23
δ3l

)

δ2k

+

(

∂I1

∂σ31
δ1l +

∂I1

∂σ32
δ2l +

∂I1

∂σ33
δ3l

)

δ3k

=
∂I1

∂σ11
δ1lδ1k +

∂I1

∂σ22
δ2lδ2k +

∂I1

∂σ33
δ3lδ3k (42)

It is important to note that the differentiation is with respect to random

stress so that terms in last line of previous equation cannot be simplified

further. Similarly, from Eq. (41) it follows that

G
∂f

∂I1

∂I1

∂σpq

δpkδql = G
∂f

∂I1

[

∂I1

∂σ11
δ1lδ1k +

∂I1

∂σ22
δ2lδ2k +

∂I1

∂σ33
δ3lδ3k

]

(43)

where detailed derivations yield

∂I1

∂σpq

δpqδkl =
∂I1

∂σ11
δ11δkl +

∂I1

∂σ22
δ22δkl +

∂I1

∂σ33
δ33δkl

+2

(

∂I1

∂σ12
δ12δkl +

∂I1

∂σ23
δ23δkl +

∂I1

∂σ31
δ31δkl

)

=
∂I1

∂σ11
δkl +

∂I1

∂σ22
δkl +

∂I1

∂σ33
δkl (44)

so that the second part of the R.H.S. of Eq. (41)) can be written as

(

K − 2

3
G

)

∂f

∂I1

∂I1

∂σpq

δpqδkl =

(

K − 2

3
G

)

∂f

∂I1

[

∂I1

∂σ11
δkl +

∂I1

∂σ22
δkl +

∂I1

∂σ33

]

δkl

(45)



38 Boris Jeremić et al.

First part of the R.H.S. of the Eq. (40)) can be written as

∂f

∂I1

∂I1

∂σpq

Dpqkl =
∂f

∂I1
G

(

∂I1

∂σ11
δ1lδ1k +

∂I1

∂σ22
δ2lδ2k +

∂I1

∂σ33
δ3lδ3k

)

+
∂f

∂I1

(

K − 2

3
G

)(

∂I1

∂σ11
+

∂I1

∂σ22
+

∂I1

∂σ33

)

δkl (46)

while the second part of the same Eq. (40)) can be written as

∂f

∂
√

J2

∂
√

J2

∂σpq

Dpqkl =
∂f

∂
√

J2

∂
√

J2

∂σpq

[

Gδpkδql +

(

K − 2

3
G

)

δpqδkl

]

= G
∂f

∂
√

J2

∂
√

J2

∂σpq

δpkδql +

(

K − 2

3
G

)

∂f

∂
√

J2

∂
√

J2

∂σpq

δpqδkl

(47)

The second term of the previous equation (Eq. (47)) then becomes

∂
√

J2

∂σpq

δpkδql =

(

∂
√

J2

∂σ1q

δ1k +
∂
√

J2

∂σ2q

δ2k +
∂
√

J2

∂σ3q

δ3k

)

δql

=
∂
√

J2

∂σ1q

δqlδ1k +
∂
√

J2

∂σ2q

δqlδ2k +
∂
√

J2

∂σ3q

δqlδ3k

=

(

∂
√

J2

∂σ11
δ1l +

∂
√

J2

∂σ12
δ2l +

∂
√

J2

∂σ13
δ3l

)

δ1k

+

(

∂
√

J2

∂σ21
δ1l +

∂
√

J2

∂σ22
δ2l +

∂
√

J2

∂σ23
δ3l

)

δ2k

+

(

∂
√

J2

∂σ31
δ1l +

∂
√

J2

∂σ32
δ2l +

∂
√

J2

∂σ33
δ3l

)

δ3k (48)

which can be used to write the first term on the R.H.S. of Eq. (41)) as

G
∂f

∂
√

J2

∂
√

J2

∂σpq

δpkδql = G
∂f

∂
√

J2

[

∂
√

J2

∂σ11
δ1lδ1k +

∂
√

J2

∂σ12
δ2lδ1k +

∂
√

J2

∂σ13
δ3lδ1k

]

+ G
∂f

∂
√

J2

[

∂
√

J2

∂σ21
δ1lδ2k +

∂
√

J2

∂σ22
δ2lδ2k +

∂
√

J2

∂σ23
δ3lδ2k

]

+ G
∂f

∂
√

J2

[

∂
√

J2

∂σ31
δ1lδ3k +

∂
√

J2

∂σ32
δ2lδ3k +

∂
√

J2

∂σ33
δ3lδ3k

]

(49)
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and since

∂
√

J2

∂σpq

δpqδkl =
∂
√

J2

∂σ11
δ11δkl +

∂
√

J2

∂σ22
δ22δkl +

∂
√

J2

∂σ33
δ33δkl

+ 2

(

∂
√

J2

∂σ12
δ12δkl +

∂
√

J2

∂σ23
δ23δkl +

∂
√

J2

∂σ31
δ31δkl

)

=
∂
√

J2

∂σ11
δkl +

∂
√

J2

∂σ22
δkl +

∂
√

J2

∂σ33
δkl (50)

with

(

K − 2

3
G

)

∂f

∂
√

J2

∂
√

J2

∂σpq

δpqδkl =

(

K − 2

3
G

)

∂f

∂
√

J2

[

∂
√

J2

∂σ11
δkl +

∂
√

J2

∂σ22
δkl +

∂
√

J2

∂σ33

]

δkl

(51)

and with

∂f

∂
√

J2

∂
√

J2

∂σpq

Dpqkl = G
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∂
√

J2

[

∂
√
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∂σ13
δ3lδ1k

]
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∂
√
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[

∂
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δ2lδ3k +

∂
√

J2

∂σ33
δ3lδ3k

]
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)
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J2

(
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√

J2

∂σ11
δkl +

∂
√

J2

∂σ22
δkl +

∂
√

J2

∂σ33

)

δkl

(52)

will finally yield Eq. (40)),

∂f

∂σpq

Dpqkl =
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∂I1

[

G

(

∂I1

∂σ11
δ1lδ1k +

∂I1
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∂I1
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δ3lδ3k

)
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3
G
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∂I1
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∂
√

J2

[

G
∂
√

J1

∂σij

δikδjl +

(

K − 2

3
G

)

∂
√

J2

∂σab

δabδkl

]

(53)
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7.2 Derivation of B (Eq. (26))

Using Eq. (53), one can write:

∂f

∂σrs

Drstu

∂f

∂σtu

=

[

∂f

∂I1
G

(

∂I1

∂σ11
δ1lδ1k +
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∂I1
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)
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∂I1
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3
G
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∂I1
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δkl +

∂I1

∂σ33
δkl

)

+ G
∂f

∂
√

J2

(

∂
√

J2
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∂
√

J2

∂σ12
δ2lδ1k +

∂
√

J2

∂σ13
δ3lδ1k

+
∂
√

J2

∂σ21
δ1lδ2k +

∂
√

J2

∂σ22
δ2lδ2k +

∂
√

J2

∂σ23
δ3lδ2k

+
∂
√

J2
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∂
√

J2
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δ2lδ3k +

∂
√

J2

∂σ33
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)
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∂
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(
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3
G

)(

∂
√

J2

∂σ11
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∂
√
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∂σ22
δkl +

∂
√
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∂σ33
δkl

)]

∂f

∂σkl

(54)

where, by using

δ1lδ1k

∂f

∂σkl

=
∂f

∂σ11
; δ2lδ2k

∂f

∂σkl

=
∂f

∂σ22
; δ3lδ3k

∂f

∂σkl

=
∂f

∂σ33

δ2lδ1k

∂f

∂σkl

=
∂f

∂σ12
; δ3lδ1k

∂f

∂σkl

=
∂f

∂σ13
; δ1lδ2k

∂f

∂σkl

=
∂f

∂σ21

δ3lδ2k

∂f

∂σkl

=
∂f

∂σ23
; δ1lδ3k

∂f

∂σkl

=
∂f

∂σ31
; δ2lδ3k

∂f

∂σkl

=
∂f

∂σ32
(55)

one can write the first part of the R.H.S. of Eq. (54) as

∂f

∂I1
G

(
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∂σ11
δ1lδ1k +

∂I1

∂σ22
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∂f

∂σ33
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]

= G
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)2
[

(

∂I1

∂σ11

)2

+

(

∂I1

∂σ22

)2

+

(

∂I1
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)2
]

(56)
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while the second part of the same equation (Eq. (54)) becomes

G
∂f

∂
√

J2
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∂
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∂
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(57)

and since

∂f

∂σkl

δkl =
∂f
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+

∂f

∂σ22
+

∂f

∂σ33
(58)

it follows that
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(59)

and
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Therefore, adding Eqs. (55), (56), (58), and (59) one can write:
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7.3 Derivation of KP (Eq. (27))

¿From the consistency condition (ḟ = 0), one can derive

KP = − ∂f

∂qn

rn (62)

with

q̇n =< L > rn (63)

where, < · > is the McCaulay bracket and L is the loading index given by

L =
1

KP

Lij σ̇ij (64)

where, Lij is a vector normal to the loading surface in stress space and dot

represents time derivative. For Drucker-Prager yield criteria (Eq. (23)) one

can simplify the above equation (Eq. (62)) as

KP = −∂f

∂α
ᾱ (65)

where,

α̇ =< L > ᾱ (66)
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By assuming that the friction angle like internal variable α is a function of

equivalent plastic strain (ep
eq) i.e.

α = α(ep
eq) (67)

one can write, (using the relationship: ėp
eq = 1/

√
3 < L > ∂f/∂

√

J2)

α̇ =
dα

dep
eq

ėp
eq =

1√
3

dα

dep
eq

< L >
∂f

∂
√

J2

=< L > ᾱ

and therefore,

KP = − ∂f

∂qn

rn = −∂f

∂α
ᾱ = − 1√

3

∂f

∂α

dα

dep
eq

∂f

∂
√

J2

(68)


