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ABSTRACT9

Presented is a study on energy dissipation in dynamic inelastic systems due to material inelas-10

ticity, viscous damping, and algorithmic damping. Formulation for plastic dissipation is based11

on thermodynamics, with consideration of plastic free energy. Computation of viscous energy12

dissipation of the Rayleigh type is developed and discussed. Energy dissipation due to algorithmic13

damping is discussed as well, and compared with previous two, physical energy dissipation mech-14

anisms. Energy dissipation due to all three dissipation mechanisms are illustrated and discussed in15

relation to single element tests and dynamic wave propagation problems.16

INTRODUCTION17

Numerical simulation of inelastic dynamic solid systems has three mechanisms of energy18

dissipation:19

• Material inelasticity, hysteretic damping,20

• Viscous coupling between solid and fluid (external or internal),21

• Algorithmic, numerical damping.22
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The first two energy dissipationmechanisms have physical interpretations, while the last mechanism23

is primarily due to numerical integration of dynamic equations of motion.24

Energy dissipation from inelasticity and viscous effects is physically correct if properly mod-25

eled and calibrated. Energy dissipation can also be used to improve performance and optimize26

engineering design. Proper modeling of different energy dissipation mechanics provides insight27

into realistic response of engineering solids. Substituting one mechanism of energy dissipation28

with another one might not provide proper insight into realistic response of engineering solids.29

The mechanical energy that irreversibly transforms into heat in inelastic materials is defined as30

the energy dissipation due to material inelasticity, or simply referred to as plastic energy dissipation.31

This energy dissipation mechanism is dominant for any significant static or dynamic loading, that32

leads to yielding and material damage. Plastic energy dissipation is displacement proportional33

(Argyris and Mlejnek 1991).34

The proper modeling of plastic energy dissipation in inelastic solids was presented earlier (Yang35

et al. 2018b). The difference between plastic energy dissipation and plastic work, which was first36

described by Farren and Taylor (1925), was addressed with focus on the accurate computation of37

plastic free energy and plastic dissipation in different inelastic material models. Plastic energy38

dissipation modeling and experiments are discussed in a number of recent papers (Mason et al.39

1994; Collins and Houlsby 1997; Rittel 2000; Rittel and Rabin 2000; Rosakis et al. 2000; Collins40

and Kelly 2002; Feigenbaum and Dafalias 2007; Veveakis et al. 2012).41

The dissipative interaction between solid and viscous fluid, internal in pores of porous solid,42

or external to solids and structures, can also dissipate significant amount of mechanical energy.43

This type of dissipation is referred to as viscous energy dissipation or viscous damping. Viscous44

energy dissipation is velocity proportional (Argyris and Mlejnek 1991). Modeling of viscous45

damping without explicitly taking into account interacting solid/structure and fluid is usually done46

using Caughey damping (Caughey 1960). Special case of Caughey damping is Rayleigh damping,47

where damping matrix is obtained by a linear combination of the mass and stiffness matrices. It48

was pointed out by Hall (2006) that the damping forces obtained from Rayleigh damping can be49
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unrealistically high. This makes the analysis result nonconservative, and require careful calibration50

of damping parameters.51

Sometimes high level of Rayleigh damping is used to mimic inelastic material behavior. In52

other words, material nonlinear/inelastic behavior is modeled using linear elastic material and53

non-physical, high level of Rayleigh damping. It will be shown that energy dissipation using54

plastic dissipation and Rayleigh viscous damping lead to differences in response, particularly when55

significant material nonlinear/inelastic behavior is present.56

Algorithmic damping, or numerical damping, is introduced into the system during time inte-57

gration of equations of motion, by most commonly used time marching algorithms, for example58

the Newmark family algorithms (Newmark 1959; Hilber et al. 1977; Chung and Hulbert 1993).59

These time integration methods can be made energy conserving with proper choice of integration60

parameters, for example by choosing γ = 0.500 and β = 0.250 for Newmark algorithm.61

However, recent studies have shown that the Newmark family of algorithmmight lose its energy62

conserving properties in some cases, for example, geometric nonlinear problems, impact/contact63

problems, and large time step simulations (Krenk 2006; Krenk 2014). Efforts have been made to64

develop various types of energy conserving time integration algorithms (Simo and Wong 1991;65

Bathe 2007; Gonzalez 2000; Krenk 2014). In this study, the classic Newmark time integration66

algorithm is used, and no energy conserving issue mentioned earlier is observed in any of the67

presented cases. System energy conservation is in fact maintained in all cases when the Newmark68

parameter γ = 0.500 and β = 0.250 . For any choice of γ > 0.500, Newmark family algorithms69

will dissipate, or produce energy in the elastic or inelastic system (Argyris and Mlejnek 1991;70

Hughes 1987). This algorithmic energy dissipation or production can have significant effect on71

results of modeling and simulation of a dynamic system.72

It is noted that energy dissipation due to plastic dissipation and/or viscous damping and/or73

algorithmic damping is inherent to loading of solids and structures. Plastic dissipation is always74

present for yielding material, and is calculated on the constitutive level for any type of loading,75

monotonic or cyclic, static or transient. Viscous damping is present for transient loading only,76
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monotonic or cyclic, and is calculated on a single finite element level. Algorithmic damping is77

present for transient loading only, monotonic or cyclic, and can be calculated for a single finite78

element or finite element system level. Presented framework allows for detailed energy dissipation79

calculations for all of the above mechanisms.80

The next section presents the theoretical formulations used to compute energy dissipation due81

to material inelasticity, Rayleigh damping, and algorithmic damping. Next, a number of numerical82

examples are used to illustrate the differences in displacement and energy responses when different83

energy dissipation mechanisms are used. Paper is concluded with a number of suggestions on the84

choices of energy dissipation mechanisms for dynamic modeling of inelastic solids.85

ENERGY DISSIPATION MECHANISMS86

Plastic Energy Dissipation87

Energy dissipation due to material inelasticity is a phenomenon that can be observed in most88

structural and geotechnical materials during deformation. Plastic energy dissipation can be used to89

estimate material damage. According to the second law of thermodynamics, the energy dissipation90

of a system should always increase or remain constant as deformation occurs. Ability to follow91

energy dissipation, a scalar, during static and dynamic deformation can provide useful information92

about the performance of solids and structures, and can be used to improve design and/or retrofit.93

Unfortunately, there exists a misconception where plastic work is used as a measure of plastic94

energy dissipation. This misconception originates from ignoring plastic free energy, which together95

with plastic dissipation makes up plastic work. Plastic free energy can make up a significant96

portion of plastic work, which renders energy dissipation results incorrect. The correct modeling97

of plastic energy dissipation follows the principles of thermodynamics, which ensures energy98

balance and nonnegative incremental energy dissipation. Based on the formulations derived from99

thermodynamics, a framework for computing plastic energy dissipation was established by Yang100

et al. (2018b), which is applied to the numerical examples presented in this paper.101

Following the first and second laws of thermodynamics, the equation for plastic energy dissi-102
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pation in decoupled material models was presented by Yang et al. (2018b):103

Φ = σi j Ûεi j − σi j Ûε
el
i j − ρ Ûψpl ≥ 0 (1)104

where Φ is the rate of plastic energy dissipation per unit volume, σi j is the stress tensor, εi j is the105

strain tensor, ε el
i j is the elastic part of the strain tensor, ρ is the mass density of the material, ψpl106

is the plastic free energy per unit volume. All stresses are defined as the effective stresses. Sign107

convention for the stress is consistent with the standard definition in mechanics of materials, i.e.108

positive in tension. Note that Equation 1 holds under the assumption of isothermal process, which109

is a reasonable assumption for analysis of most civil engineering problems (Collins and Houlsby110

1997).111

For most inelastic material models, the stress σi j , total strain εi j and elastic strain ε el
i j are parts112

of the standard output for the material response. A challenge is to evaluate plastic free energy ψpl ,113

that is not defined explicitly, if at all, for many classic material models. The physical interpretation114

of plastic free energy is related to the state of the material’s micro-structure. Physical interpretation115

of plastic free energy was discussed and illustrated in earlier publications (Besseling and Van116

Der Giessen 1994; Collins and Kelly 2002; Yang et al. 2018b; Yang et al. 2018a).117

For pressure-independent inelastic material models (e.g. von Mises plasticity) with isotropic118

and/or kinematic hardening, the plastic free energy can be calculated from119

ψpl = ψ
iso
pl + ψ

kin
pl =

1
2ρκ1

k2 +
1

2ρa1
αi jαi j (2)120

where the plastic free energy ψpl is decomposed into two parts that are related to isotropic hardening121

ψiso
pl and kinematic hardening ψkin

pl . Here scalar k is the size of the yield surface and tensor αi j is122

the back stress tensor representing the center of the yield surface, while κ and a1 are nonnegative123

material constants.124
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Rayleigh Damping125

To compute the energy dissipation due to viscous damping, we start with the general form of126

the equation of motion:127

Mi j Üu j(t) + Ci j Ûu j(t) + Kelpl
i j (t)u j(t) = fi(t) (3)128

where u j(t) is the vector of generalized displacements, Mi j is the mass matrix, Ci j is the damping129

matrix, Kelpl
i j (t) is the inelastic stiffness matrix that generally evolves with time, fi(t) is the external130

load vector. For linear viscous damping of the Rayleigh type, the damping matrix is expressed as131

Ci j = aM Mi j + aK Kel
i j (4)132

where aM and aK are damping constants with units of s−1 and s, respectively. The stiffness matrix133

used to construct the damping matrix is usually the initial tangent stiffness matrix, which is also134

the elastic stiffness Kel
i j for inelastic materials. Equation 4 indicates that the damping matrix Ci j is135

constant through the entire simulation.136

The expression used to compute the damping constants for a desired damping ratio ξ in a137

specified frequency range from ω̂ to Rω̂ was given by Hall (2006) as138

aM = 2ξω̂
2R

1 + R + 2
√

R
, aK = 2ξ

1
ω̂

2
1 + R + 2

√
R

(5)139

It can be seen in Equation 4 that there are mass-proportional and stiffness-proportional parts140

in Rayleigh damping. The combination of mass-proportional and stiffness-proportional damping141

can provide a desired control over modal damping ratios. However, as pointed out by Hall (2006),142

classic Rayleigh damping must be used with appropriate damping coefficients, which should give143

a near-constant value of damping for all modes with frequencies that are of interest. For the modes144

outside the prescribed frequency range, the damping ratios are unrealistically high.145

The incremental form of energy balance for a dynamic system with viscous damping can be146
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expressed as147

∆WInput = ∆EK + ∆DV + ∆WM (6)148

The left hand side of Equation 6 is the increment of external input work149

∆WInput = fi∆ui (7)150

The three terms on the right hand side of Equation 6 are the increment of kinetic energy ∆EK , the151

increment of viscous energy dissipation ∆DV , and the increment of material work of the system152

∆WM153

∆EK = Mi j Üu j∆ui

∆DV = Ci j Ûu j∆ui

∆WM = Kelpl
i j u j∆ui = ∆ES + ∆EP + ∆DP

(8)154

Note that the term of material work WM can be separated into an elastic part and a plastic part.155

These two components are known as the elastic strain energy ES and the plastic work of the system,156

respectively. Then, as mentioned in the previous section, plastic work can be further decomposed157

into plastic free energy EP and plastic energy dissipation DP.158

Algorithmic Energy Dissipation159

Newmark time integration method (Newmark 1959) is used for all cases in this study. The160

forward displacements n+1ui and velocities n+1 Ûui are expressed in terms of their current values and161

the forward and current values of the acceleration162

n+1 Ûui =
n Ûui + (1 − γ)h n Üui + γh n+1 Üui

n+1ui =
nui + h n Ûui + (

1
2
− β)h2 n Üui + βh2 n+1 Üui

(9)163

where ∆t is the length of each time step, γ and β are the Newmark integration parameters that164

controls the amount of algorithmic damping in the system.165

Krenk (2006) gave the incremental form of the energy balance equation 6 over increment tn to166
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tn+1, for Newmark algorithm167 [
1
2

M?
i j Ûui Ûu j +

1
2

Ki juiu j +

(
β −

1
2
γ

)
1
2

h2M?
i j Üui Üu j

] ����tn+1

tn

=

+ ∆ui

[
1
2
( f n+1

i + f n
i ) +

(
γ −

1
2

)
∆ fi

]
−

(
γ −

1
2

) [
Ki j∆ui∆u j +

(
β −

1
2
γ

)
h2M?

i j∆ Üui∆ Üu j

]
−

1
2

h
[
h−2Ci j∆ui∆u j +

1
4

Ci j( Ûun+1
i + Ûun

i )( Ûu
n+1
j + Ûun

j )

]
+

1
2

(
β −

1
2
γ

)2
h3Ci j∆ Üui∆ Üu j

(10)168

where the equivalent mass matrix M?
i j is defined as169

M?
i j = Mi j +

(
γ −

1
2

)
hCi j (11)170

Rearranging Equation 10 gives the explicit expression for the amount of algorithmic energy171

dissipation over an increment172

[
EK + DV +WM −WInput

] tn+1
tn
=

+

(
γ −

1
2

)
∆ fi∆ui +

1
2

(
β −

1
2
γ

)2
h3Ci j∆ Üui∆ Üu j

−

(
γ −

1
2

) [
Ki j∆ui∆u j +

(
β −

1
2
γ

)
h2M?

i j∆ Üui∆ Üu j

]
−

[
1
2

(
γ −

1
2

)
hCi j Ûui Ûu j +

(
β −

1
2
γ

)
1
2

h2M?
i j Üui Üu j

] ����tn+1

tn

(12)173

When γ = 0.500 and β = 0.250, all the terms on the right hand side of Equation 12 vanish, thus no174

algorithmic energy dissipation exists. For other values of γ and β, algorithmic energy dissipation,175

or even energy production, is observed in the system.176

NUMERICAL EXAMPLES177

Numerical simulations presented in this paper are performed using the MS ESSI Simulator178
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system (Jeremić et al. 2018), and all the examples presented here are available at http://ms-essi.179

info/. Energy dissipation due tomaterial inelasticity andRayleigh damping is investigated through180

a series of single-element tests with different material parameters and loading conditions. Then,181

elastic and inelastic materials are used in a stack of solid brick elements model to further illustrate182

energy dissipation in wave propagation problems. Finally, cases with plastic energy dissipation,183

Rayleigh damping, and algorithmic damping are analyzed to demonstrate the importance of energy184

dissipation mechanisms in dynamic finite element modeling.185

The inelastic material model used in this study is associated von Mises plasticity with nonlinear186

Armstrong-Frederick kinematic hardening. The yield function of von Mises plasticity is187

f =
√
(si j − αi j)(si j − αi j) −

√
2
3

k (13)188

The general expression for Armstrong-Frederick kinematic hardening rule is189

dαi j =
2
3

hadε pl
i j −

√
2
3

cr dλαi j (14)190

where dλ is a nonnegative scalar plastic multiplier and ha and cr are nonnegative material hardening191

constants. The parameter ha controls the initial stiffness of the material after yielding, while ratio192

ha/cr controls the limit of stress magnitude, or shear strength.193

For all dynamic problems analyzed, Newmark integration algorithm is used. In most cases with194

elasticity and inelasticity and Rayleigh damping, the numerical integration parameters are chosen195

in a way so that no algorithmic damping exists in the system, i.e. Newmark parameters γ = 0.500196

and β = 0.250. Only for the last example, algorithmic damping was used, by choosing Newmark197

parameters γ > 0.500 and β = 0.250(γ + 0.500)2.198

External loads are applied incrementally using load- or displacement-control scheme. Non-199

linear system of equations is solved using Newton-Raphson algorithm with line searching to help200

convergence. Standard 8-node-brick elements are used in all examples.201
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Single Element Tests202

Energy dissipation in single 8-node-brick element is studied in this section. The individual and203

combined effects of material inelasticity and Rayleigh damping are investigated through a series of204

numerical examples.205

The single element model, with boundary conditions and loads, is shown in Fig.1. During the206

shearing stage, the bottom of the element is fixed and imposed motion is applied on the top. The207

main reason for using displacement-control scheme is to eliminate any resonance effects that might208

occur during faster dynamic tests, if load-control is used. The time increment ∆t for the Newmark209

algorithm is set to ∆t = 0.01s.210

Elastic Material without Rayleigh Damping211

The first example uses linear elastic material with no Rayleigh damping. No energy dissipation212

in any form is expected in this case. The equivalence between external work and mechanical energy213

stored in the system (energy balance) in single-element model is verified through this example.214

The material properties used for this case are summarized in Table 1.215

Fig.2 shows the displacement, stress-strain, and energy responses of the case using linear elastic216

material without Rayleigh damping. The stress-strain response indicates that the material is linear217

elastic, which is expected. Only kinetic energy and strain energy appear in this example since there218

is no energy dissipation. Notice that the kinetic energy is not zero at the beginning because of the219

initial velocity that comes with the sine-wave imposed motion.220

The comparison between external work, which is computed using the imposed displacement221

time series and nodal force response, and total mechanical energy stored in the system, calculated222

at each Gauss point, shows that energy balance is achieved. Note that the frequency of oscillation223

of energy curves, shown in Fig.2(c)(d), is twice of that of the displacement time series, Fig.2(a).224

This is expected for linear elastic systems under displacement control loading.225

Inelastic Material without Rayleigh Damping226

The next example focuses on the energy dissipation due to material inelasticity only. A more227

systematic study of plastic energy dissipation in solids can be found in Yang et al. (2018b), where the228
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energy dissipation behavior of various inelastic material models was investigated. In this section, a229

materialmodel definedwith vonMises yield function andArmstrong-Frederick nonlinear kinematic230

hardening is used. No Rayleigh damping is added to any model in this section.231

Table 2 summarizes material parameters for these studies. Three materials with the same232

shear strength, controlled by ratio ha/cr , but different post-yield stiffness, ha, are modeled. These233

three materials are used in single element examples and wave propagation problems. They will234

be referred to as soft, medium, and hard inelastic materials in the remaining parts of this paper.235

Fig.3 shows the stress-strain response and energy computation results for the cases using inelastic236

material and no Rayleigh damping.237

According to Fig.3, by keeping shear strength constant and increase post-yield stiffness, the238

amount of plastic energy dissipation increases. This is consistent with the stress-strain response239

which shows that the degree of plastification increases as the parameter ha increases. It is also240

noted that changes in strain energy during cyclic shearing, is very small, due to a small elastic241

region of the material model.242

Elastic Material with Rayleigh Damping243

The next example focuses on the energy dissipation due to viscous damping. Viscous damping244

is modeled using Rayleigh damping. Linear elastic material is used in all cases in this section so245

that energy dissipation can only be caused by Rayleigh damping.246

Energy dissipation by Rayleigh damping can be analyzed using equations presented in section 2.247

By substituting the expression of Rayleigh damping matrix (Equation 4 and 5) into the term of248

viscous energy dissipation in Equation 8, one obtains249

∆DV = Ci j Ûu j∆ui =
4ξ

1 + R + 2
√

R

(
ω̂RMi j +

Kel
i j

ω̂

)
Ûu j∆ui (15)250

Table 3 shows the parameters used in this section. The effect of damping ratio ξ to the amount of251

viscous energy dissipation is investigated. Typical values of damping ratio ξ for soils and structures252

are selected. The lower limit of damping range ω̂ can be computed from the model’s fundamental253
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frequency ω1. It is common practice to set ω̂ = (2/3)ω1 = (4π)/(3T1) due to nonlinear response of254

the system (Hall 2006). In order to cover the frequency range from (2/3)ω1 to 3ω1, a second-mode255

frequency of a linear shear beam, the parameter R should be set to 4.5. For the examples in this256

section, R is chosen to be slightly larger, R = 5.0, to cover a larger range.257

The energy computation results are shown in Fig.4. It can be observed that the viscous energy258

dissipation increases as the damping ratio increases. The values indicate a linear relationship259

between the viscous energy dissipation and damping ratio, that is consistent with Equation 15. All260

other forms of energy are the same in these cases.261

Inelastic Material with Rayleigh Damping262

In the previous examples, the separate effects of material inelasticity and Rayleigh damping263

have been studied. In this example, both energy dissipation mechanisms, inelasticity and Rayleigh264

damping, are used. In particular, it will be shown that the relative amount of energy dissipation265

due to these two mechanisms is very sensitive to the choice of material and damping parameters.266

Fig.5 shows the stress-strain response and energy computation results for the three cases using267

inelastic material model with Rayleigh damping. As can be observed, energy dissipation results are268

very different in these three cases. Plastic energy dissipation can be much larger or much smaller or269

very similar to the viscous energy dissipation, depending on the choices of simulation parameters.270

More discussion on the combined effect of plastic energy dissipation and Rayleigh damping is271

shown in section 3 where a wave propagation problem is studied.272

Wave Propagation273

The numerical examples for a single-element present a fundamental understanding of the energy274

behavior for a fully controlled system, with fixed and prescribed displacements. In this section, the275

energy dissipation due to material inelasticity and viscous damping in a wave propagation problem276

is investigated. Compared to the single-element cases where energy transformation happens in one277

element, the wave propagation problem can illustrate the evolution of energy storage and dissipation278

in time and space.279

It is important to select appropriate grid-spacing and time-step size to ensure numerical stability280
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and accuracy. A detailed study on the discretization effects in the finite element simulation of281

seismic waves in elastic and inelastic media was conducted by Watanabe et al. (2017). According282

to Jeremić et al. (2009), the suitable maximum grid spacing ∆x for shear wave propagation for a283

model using eight-node-brick finite elements can be determined by considering shear wave velocity284

Vs, and the highest frequency of the input signal fmax:285

∆x ≤
Vs

10 fmax
(16)286

The time-step size ∆t in wave propagation problem is usually chosen on the basis that a given287

wave front does not reach two consecutive nodes at the same time. The following condition,288

given by Watanabe et al. (2017), is used to ensure numerical stability when using Newmark time289

integration algorithm:290

∆t ≤
∆x
Vs

(17)291

The model used in this section is a stack of 8-node-brick elements, as shown in Fig.6. It is292

noted that for inelastic material models, where shear stiffness is reduced due to inelasticity, as is293

the case here, Equation 16 should still hold. This means that the element size has to be small294

enough so that the model is capable of propagating waves through inelastic material. However,295

there is a limit of how small the mesh size can become, and what frequencies can be accurately296

propagated. For a given example, assuming reduction of shear stiffness, shear wave velocity, from297

Vs = 400m/s (elastic) to Vs = 40m/s (inelastic). Then, based on Equation 16, the length of each298

element is chosen to be ∆x = 1m. Meanwhile, according to Equation 17, the time increment ∆t for299

the Newmark algorithm is set to ∆t = 0.001s.300

Model features a total of 4000 eight-node-brick elements, with boundary conditions that allow301

only shear waves to propagate. The left 3900 elements are used to model a layer of material that is302

assumed to remain elastic during wave propagation. The material model properties of the elastic303

layer was given in Table 1. The right 100 elements represent a layer that can be elastic or inelastic.304

In some examples, this layer remains elastic, in order to investigate the effect of Rayleigh damping.305
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In other examples, this layer is inelastic, and dissipates energy through material inelasticity and/or306

Rayleigh damping.307

An Ormsby wavelet (Ryan 1994), with peak value controlled by A and frequency contents308

starting from f1 to f4, with a constant amplitude from f2 to f3, is imposed to the fixed end of the309

model. The function of Ormsby wavelet is310

f (t) =A
[(

π f42

f4 − f3
sinc(π f4(t − ts))

2 −
π f32

f4 − f3
sinc(π f3(t − ts))

2
)

−

(
π f22

f2 − f1
sinc(π f2(t − ts))

2 −
π f12

f2 − f1
sinc(π f1(t − ts))

2
)] (18)311

where ts is the time when maximum amplitude is occurring, and sine cardinal is defined as312

sinc(x) = sin(x)/x. Please note that from Equation 18, peak value f peak is defined at t = ts as313

f peak = Aπ ( f4 + f3 − f2 − f1) (19)314

Fig.7 shows the imposed displacement, in time domain and frequency domain, created using315

Ormsby wavelet with A = 0.01m·s, f1 = 1.0Hz, f2 = 2.0Hz, f3 = 4.0Hz, and f4 = 5.0Hz.316

Elastic Material without Rayleigh Damping317

In the first case, material parameters for elastic material are used for the entire model. This318

simple setup illustrates the energy transformation process as shear waves propagate and reflect319

within a uniform media.320

Fig.8 shows the displacement response at the free end of the model in time and frequency321

domain, as well as the energy and stress-strain results, for the case of wave propagation within an322

uniform media. As expected, the displacement at the free end is twice in magnitude and same in323

frequency contents. The stress-strain response of the material is a straight line since linear elastic324

material is used in this case.325

Because of the absence of energy dissipation mechanism, the total mechanical energy remains326

constant after the wave is input into the system. The transformation between kinetic energy and327
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strain energy is observed when the shear wave hits the free end of the model and gets reflected328

back. During the wave propagation process, before and after the reflection, the amounts of kinetic329

energy and strain energy are exactly the same, which is expected in a wave propagation problem.330

Elastic and Inelastic Material without Rayleigh Damping331

In this section, the energy dissipation due to material inelasticity during wave propagation is332

investigated. The inelastic material model uses von Mises yield function in combination with333

Armstrong-Frederick kinematic hardening. Soft, medium, and hard inelastic materials, shown in334

Table 2 on page 26, are used to investigate the influence of post-yield stiffness on plastic dissipation.335

Fig.9, 10, and 11 show the displacement response at the free end of the model in time and336

frequency domain, as well as the stress-strain and energy results, for the cases with material337

inelasticity and no Rayleigh damping. Peak displacement response at the free end of the model is338

larger when the inelasticmaterial is stiffer after yield. Due to the use of inelasticmaterial, permanent339

deformation is observed in the displacement time series. This leads to the low frequency contents340

in the displacement spectrum.341

According to the energy plots, more energy is dissipated due to material inelasticity when the342

inelastic material has a larger post-yield stiffness. This observation is consistent with the findings343

from single element examples (section 3) that harder inelastic material has more plastic dissipation.344

When the inelastic layer is much softer than the elastic layer, the majority of the incoming wave is345

reflected back at the material interface instead of entering the inelastic layer. As a result, energy346

dissipation and displacement response are less significant in the case of a softer inelastic material.347

Elastic Material with Rayleigh Damping348

The next section focuses on the effect of Rayleigh damping in wave propagation problems.349

Linear elastic material, shown in Table 1, is used in order to only have viscous dissipation mech-350

anism. Due to the use of Rayleigh damping, it is expected to observe viscous energy dissipation351

and displacement reduction throughout the model. Parametric study on the damping coefficient ξ352

is performed. The damping parameters used in this section are summarized in Table 4.353

Fig.12, 13, and 14 show the displacement response in time and frequency domain, as well as354
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the energy results, when different values of damping ratio ξ are used. As expected, the amount355

of surface displacement reduction and energy dissipation increases when larger ξ is used. Despite356

changes in the peak value, the frequency contents of the displacement response at the free end357

remain the same as those of the input motion.358

For structural materials like steel and concrete, the Rayleigh damping ratio is usually chosen359

to be between 0.02 to 0.05. As seen in Fig.13, about half of the input energy is dissipated due360

to Rayleigh damping when ξ is 0.05. It is noted that sometimes large Rayleigh damping ratio are361

used, as high as 0.20. These high Rayleigh damping ratios lead to a significant amount of energy362

dissipation through viscous energy dissipation mechanism. Such high level of energy dissipation363

may not be physical and will lead to underestimation of the system response.364

Comparison between Plastic Dissipation and Viscous Damping365

As previously noted, sometimes Rayleigh damping of the system is set to a high level to366

mimic inelastic material behavior. By comparing the example using soft inelastic material without367

Rayleigh damping, shown in Fig.9, with the one using linear elastic material and Rayleigh damp-368

ing ξ = 0.05, shown in Fig.13, it appears that the amounts of energy dissipation are similar in369

these two examples. However, this correspondence is very sensitive to material properties, damp-370

ing parameters, loading conditions and frequency of loading. In this section, the two examples371

with different energy dissipation mechanisms are reanalyzed using an input motion with different372

frequency content, f1 = 0.5Hz, f2 = 1.0Hz, f3 = 3.0Hz, and f4 = 3.5Hz, as shown in Fig.15.373

Fig.16 shows the displacement responses and energy computation results for the two examples374

using different energy dissipation mechanisms. The first case uses soft inelastic material, shown in375

Table 2 on page 26, with noRayleigh damping, while the second case uses linear elasticmaterialwith376

Rayleigh damping ξ = 0.05. From Fig.16, it can be seen that the amounts of energy dissipation are377

very different in these two cases with the new input motion. Thus, material inelasticity and viscous378

damping may give equal, similar amounts of energy dissipation for a specific set of simulation379

parameters and loading conditions, but this similarity will not hold if the model is subject to380

a different loading. In other words, plastic dissipation and viscous energy dissipation are not381

16 Yang et al., April 22, 2019



interchangeable energy dissipation mechanisms, and should always be considered independently.382

Moreover, viscous damping assumes that each node of the finite element model is connected to383

a viscous damper, while in reality for civil engineering solids and structures most energy is not384

dissipated in the form of linear viscous damping (Ostadan et al. 2004; Hall 2006).385

It should also be pointed out that the response, especially in the frequency domain, are very386

different when comparing the examples using inelastic material with the ones using only Rayleigh387

damping. Permanent deformation and change of stiffness, which can only be modeled with inelastic388

materials, are not observed in the cases using linear elastic material with Rayleigh damping. For389

the cases using inelastic materials, the displacement response contains frequencies that are both390

higher and lower than those of the input motion. For practical engineering designs, if only elastic391

material is used in numerical simulations, these important high frequency motions and permanent392

deformations could be missed completely.393

Combined Effects of Plastic Dissipation and Viscous Damping394

In this section, the combined effect of energy dissipation through material inelasticity and395

Rayleigh damping is presented. Three cases with different combinations of inelastic materials396

(Table 2) and damping coefficients (ξ = 0.02, 0.04, or 0.10) are simulated and analyzed. Fig.17,397

18, and 19 show the displacement, stress-strain, and energy results of these three cases with both398

material inelasticity and Rayleigh damping. Permanent deformation and low frequency response at399

the free end is observed. Note that the high frequency content of motions is significantly reduced400

because of the Rayleigh damping in the system.401

Depending on the choices of simulation parameters, it is shown that the amount of energy402

dissipation due to material inelasticity can be larger, smaller, or comparable to that caused by403

Rayleigh damping. For problems where significant solid-fluid interaction is expected, e.g. un-404

derground structure in saturated soil, the viscous damping of the soil structure interaction (SSI)405

system is likely to have significant contribution to energy dissipation. For other problems with406

little solid-fluid interaction, but large material damage, e.g. aboveground structure suffering large407

seismic loading, more energy is likely to be be dissipated due to material inelasticity. Thus it is408
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important to model not only the correct amount of energy dissipation of a system but the proper409

energy dissipation mechanisms as well. The system response can be very different, as shown, when410

different combinations of energy dissipation mechanisms are used.411

Influence of Algorithmic Damping412

Algorithmic dampingwas excluded in all previously presented examples by setting theNewmark413

parameter to γ = 0.500 and β = 0.250 (Hughes 1987). In practice, Newmark parameters γ and β414

are usually set to γ > 0.500 and β = 0.250(γ + 0.500)2 in order to introduce algorithmic damping415

into the system. To illustrate the influence of Newmark parameters γ and β on energy dissipation,416

two sets of examples with algorithmic damping are analyzed.417

Fig.20 and 21 show the displacement, stress-strain, and energy results of two cases where linear418

elastic material and no Rayleigh damping is used, which means that only algorithmic damping419

dissipates system energy. There is a noticeable amount of algorithmic damping when the Newmark420

parameters are increased to γ = 0.505 and β = 0.253. As Newmark parameters are increased421

to γ = 0.700 and β = 0.360, it is observed that the algorithmic damping in the system becomes422

unrealistically high. More importantly, most of the mechanical energy propagated by the wave is423

numerically dissipated even before the wave reaches the free end of the column.424

Combined Effects of Plastic Dissipation, Viscous Damping, and Algorithmic Damping425

For realistic modeling and simulation, usually all three energy dissipation mechanisms are426

used. Fig.22, 23, and 24 show the displacement, stress-strain, and energy results of the three427

cases where plastic dissipation, Rayleigh damping, and algorithmic damping are all present. The428

medium inelastic material defined in Table 2 and Rayleigh damping coefficient ξ = 0.04 are used429

for all three cases. It is observed that for a relatively small Newmark parameters γ = 0.505 and430

β = 0.253, the amount of energy dissipation due to algorithmic damping is comparable but less than431

energy dissipation caused by material inelasticity and viscous damping. As Newmark parameter432

γ increases to γ = 0.510 and β = 0.253, algorithmic damping becomes the comparable energy433

dissipation mechanism in the system. Then, when Newmark parameter γ increases even higher434

to γ = 0.550 and β = 0.276, the motions in the system are almost completely damped out by435
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algorithmic damping, and material inelasticity and viscous damping do not play any significant436

role.437

As noted by Argyris andMlejnek (1991), high frequencies can be introduced into finite element438

models, during discretization process. It is thus important to be able to try to damp those unrealistic439

higher frequencies by applying a reasonable amount of algorithmic damping. It is noted that440

introduction of algorithmic damping has to be done carefully, as in some cases, as shown here,441

algorithmic damping can surpass all other physical forms of energy dissipation. It is thus suggested442

that a sensitivity study should be conducted for dynamic finite element models, so that influence of443

algorithmic damping on results is better understood.444

CONCLUSIONS445

Presented was a study on energy dissipation due to material inelasticity, Rayleigh damping, and446

algorithmic damping for dynamic loading of solids. The importance of proper modeling of energy447

dissipation due to inelastic material behavior, due to Rayleigh damping, and due to algorithmic448

damping in dynamic nonlinear systems was investigated and discussed. The differences in system449

response with these three energy dissipation mechanisms were illustrated through a series of450

numerical examples.451

Thermomechanics formulation that correctly computes plastic energy dissipation in inelastic452

materials was presented. The important role of plastic free energy was emphasized. In addition,453

Rayleigh damping and corresponding viscous energy dissipation formulation was presented as well.454

Use of significant, potentially unrealistic Rayleigh damping was illustrated and discussed. This455

high Rayleigh damping might lead to unrealistically high energy dissipation and underestimation456

of the system response. Considering both plastic energy dissipation and viscous damping of the457

Rayleigh type, the rate form of energy balance for a dynamic system was obtained.458

Presented analysis approach was illustrated using several numerical examples with energy459

dissipation due to material inelasticity, and/or Rayleigh damping, and/or algorithmic damping.460

Permanent deformation was observed in the cases using inelastic material (as expected), leading to461

the low frequency contents in the displacement response at the ground surface. Rayleigh damping462
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can significantly reduce high frequency motions, which might have important implications in463

evaluating the safety of structures, systems and components.464

The influence of algorithmic damping was illustrated and discussed as well. Algorithmic465

damping mainly reduces higher frequency motions, and it exists throughout simulation process.466

Unrealistically high values of algorithmic damping can be obtained, and sensitivity studies are467

needed for proper choice of algorithmic damping parameters.468

Although the amounts of dissipated energy were comparable in some cases, the observed system469

responses were very different when different energy dissipation mechanisms were used. All three470

energy dissipation mechanisms, material inelasticity, viscous damping, and algorithmic damping,471

model fundamentally different physical or mathematical phenomena in finite element simulation.472

Therefore, it is important to use appropriate energy dissipation mechanisms by following proper473

physics and mathematics, allowing analysts to gain confidence in obtained results, and use those474

results for design, assessment and retrofits.475
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TABLE 1. Model parameters of the linear elastic material.

Parameter Unit Material
mass_density (ρ) kg/m3 2650
poisson_ratio (ν) 0.3
shear_wave_velocity (vs) m/s 800
elastic_modulus (E) MPa 4409.6
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TABLE 2. Model parameters of the inelastic materials.

Parameter Unit Material
Soft Medium Hard

mass_density (ρ) kg/m3 1800 1800 1800
elastic_modulus (E) MPa 748.8 748.8 748.8
poisson_ratio (ν) 0.3 0.3 0.3
von_mises_radius MPa 1.0 1.0 1.0
armstrong_frederick_ha (ha) MPa 374.4 748.8 1497.6
armstrong_frederick_cr (cr ) 50 100 200
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TABLE 3. Rayleigh damping parameters for the single element examples using linear elastic
material with Rayleigh damping.

Parameter Unit Case 1 Case 2 Case 3 Case 4
R 5.0 5.0 5.0 5.0
T1 s 1.0 1.0 1.0 1.0
ξ 0.02 0.05 0.10 0.20
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TABLE 4. Rayleigh damping parameters for the wave propagation examples using linear elastic
material with Rayleigh damping.

Parameter Unit Case 1 Case 2 Case 3
R 5.0 5.0 5.0
T1 s 1.0 1.0 1.0
ξ 0.02 0.05 0.10
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Fig. 1. Single element model under shear loading.

32 Yang et al., April 22, 2019



(a) (b)

(c) (d)

Fig. 2. Energy computation of single brick element modeled using linear elastic material and no
Rayleigh damping: (a) Displacement time series; (b) Stress-strain response; (c) Energy results; (d)
External work.
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Fig. 3. Energy computation for a single brick element modeled using inelastic material and no
Rayleigh damping: (a) Soft material; (b) Medium material; (c) Hard material.
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(a) (b)

(c) (d)

Fig. 4. Energy computation of single brick element modeled using elastic material with Rayleigh
damping: (a) ξ = 0.02; (b) ξ = 0.05; (c) ξ = 0.10; (d) ξ = 0.20.
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Fig. 5. Energy computation of single brick element modeled using inelastic material with Rayleigh
damping: (a) Soft material, ξ = 0.1; (b) Medium material, ξ = 0.06; (c) Hard material, ξ = 0.02.
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Fig. 6. Numerical model of the wave propagation problem used in this paper.
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(a) (b)

Fig. 7. Imposed displacement of the wave propagation problem created using Ormsby wavelet
with A = 0.01m·s, f1 = 1.0Hz, f2 = 2.0Hz, f3 = 4.0Hz, and f4 = 5.0Hz: (a) Time series; (b)
Frequency domain.
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(a) (b)

(c) (d)

Fig. 8. Energy computation of wave propagationwithin an uniform elasticmedia: (a) Displacement
time series; (b) Displacement spectrum; (c) Energy results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 9. Energy computation of wave propagation using soft inelastic material and no Rayleigh
damping: (a) Displacement time series; (b) Displacement spectrum; (c) Energy results; (d) Stress-
strain response.
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(a) (b)

(c) (d)

Fig. 10. Energy computation of wave propagation usingmedium inelastic material and no Rayleigh
damping: (a) Displacement time series; (b) Displacement spectrum; (c) Energy results; (d) Stress-
strain response.
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(a) (b)

(c) (d)

Fig. 11. Energy computation of wave propagation using hard inelastic material and no Rayleigh
damping: (a) Displacement time series; (b) Displacement spectrum; (c) Energy results; (d) Stress-
strain response.
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(a) (b)

(c) (d)

Fig. 12. Energy computation of wave propagation using linear elastic material and Rayleigh
damping (ξ = 0.02): (a) Displacement time series; (b) Displacement spectrum; (c) Energy results;
(d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 13. Energy computation of wave propagation using linear elastic material and Rayleigh
damping (ξ = 0.05): (a) Displacement time series; (b) Displacement spectrum; (c) Energy results;
(d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 14. Energy computation of wave propagation using linear elastic material and Rayleigh
damping (ξ = 0.10): (a) Displacement time series; (b) Displacement spectrum; (c) Energy results;
(d) Stress-strain response.
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(a) (b)

Fig. 15. Imposed displacement of the wave propagation problem created using Ormsby wavelet
with A = 0.01m·s, f1 = 0.5Hz, f2 = 1.0Hz, f3 = 3.0Hz, and f4 = 3.5Hz: (a) Time series; (b)
Frequency domain.
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(b)

Fig. 16. Energy computation of wave propagation using a different input motion: (a) Soft inelastic
material without Rayleigh damping; (b) Linear elastic material with Rayleigh damping ξ = 0.05.
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(a) (b)

(c) (d)

Fig. 17. Energy computation of wave propagation using soft inelastic material and Rayleigh
damping with ξ = 0.01: (a) Displacement time series; (b) Displacement spectrum; (c) Energy
results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 18. Energy computation of wave propagation using medium inelastic material model and
Rayleigh damping with ξ = 0.04: (a) Displacement time series; (b) Displacement spectrum; (c)
Energy results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 19. Energy computation of wave propagation using hard inelastic material model and
Rayleigh damping with ξ = 0.10: (a) Displacement time series; (b) Displacement spectrum; (c)
Energy results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 20. Energy computation of wave propagation using linear elastic material and algorithmic
damping (γ = 0.505, β = 0.253): (a) Displacement time series; (b) Displacement spectrum; (c)
Energy results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 21. Energy computation of wave propagation using linear elastic material model and algorith-
mic damping (γ = 0.700, β = 0.360): (a) Displacement time series; (b) Displacement spectrum;
(c) Energy results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 22. Energy computation of wave propagation usingmedium inelasticmaterial model, Rayleigh
damping (ξ = 0.04), and algorithmic damping (γ = 0.505, β = 0.253): (a) Displacement time
series; (b) Displacement spectrum; (c) Energy results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 23. Energy computation of wave propagation usingmedium inelasticmaterial model, Rayleigh
damping (ξ = 0.04), and algorithmic damping (γ = 0.510, β = 0.255): (a) Displacement time
series; (b) Displacement spectrum; (c) Energy results; (d) Stress-strain response.
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(a) (b)

(c) (d)

Fig. 24. Energy computation of wave propagation usingmedium inelasticmaterial model, Rayleigh
damping (ξ = 0.04), and algorithmic damping (γ = 0.550, β = 0.276): (a) Displacement time
series; (b) Displacement spectrum; (c) Energy results; (d) Stress-strain response.
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