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ABSTRACT

Presented is a time domain intrusive framework for probabilistic seismic risk analysis. Seismic
source characterization is mathematically formulated. Methodology for simulating non-stationary
seismic motions for given source, path and site is proposed. Both uncertain motions and uncer-
tain structural parameters are characterized as random process/field and represented with Hermite
polynomial chaos. Intrusive modeling of Armstrong-Fredrick kinematic hardening based on Her-
mite polynomial chaos is formulated and incorporated into Galerkin stochastic elastic-plastic FEM.
Time-evolving probabilistic structural response is solved through developed stochastic elastic-
plastic FEM. Following that, formulation for seismic risk analysis is derived.

The framework is illustrated by seismic risk analysis of an eight-story shear frame structure.
Uncertainties are propagated from earthquake source into uncertain structural system. Difficulties
of choosing intensity measure in the conventional framework are avoided since all the uncertainties
and important characteristics (e.g., spectrum acceleration Sa and peak ground acceleration PGA)
of seismic motions are directly carried by the random process excitations in time domain. Stochas-
tic dynamic equations are solved in an intrusive way, circumventing non-intrusive Monte Carlo

simulations.
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1 INTRODUCTION
Performance-based Earthquake Engineering (PBEE) (Cornell 2000) has been a successful
framework that allows for objective and quantitative decision-making through seismic risk analyses.

Equation 1 demonstrates state of the art methodology of seismic risk analysis:

dA(IM
AMEDP > 7) = J |%| G(EDP > z|IM = x) dx (1)
X ~ -~ -
= PSHA fragility

where A(EDP > 7) is the annual rate of engineering demand parameter (EDP, i.e., performance
target) exceeding specific level z. EDP hazard is computed as convolution of probabilistic seismic
hazard analysis (PSHA) results and structural fragility with respect to intensity measure (IM) of
ground shaking. PSHA, usually done by engineering seismologist, estimates exceedance rate of
intensity measure A(/M > x) considering all possible faults and scenarios near the engineering
site. Structural fragility G(EDP > z|IM = x) defines the exceeding probability of EDP given
ground motion with particular IM level x. With properly defined damage measure (DM) as a
function of EDP(s), seismic risk of damage state can be calculated.

The choice of IM is crucial in seismic risk analysis, as it serves as proxy of damaging ground
motions and all the uncertainties in ground motion are assumed could be represented by the
variability of IM. Spectral acceleration Sa(7y) is commonly adopted as IM for building structures.
Many ground motion predictions equations (GMPEs) are developed to quantify the median and
aleatory variability of Sa(7y) (Gregor et al. 2014). However, the problem is that the scalar spectral
acceleration cannot fully describe the influence of ground-motion variability upon engineering
objects. Stafford and Bommer (2010) investigated different intensity measures and found that they
are generally not strongly correlated, which indicates that knowledge of just one IM distribution is
not sufficient to describe any of the other ground-motion characteristics.

In addition, Sa(7y) as IM for surface building structures, is based on frequency domain, linear
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dynamic analysis of single degree of freedom system. When nonlinear inelastic and/or higher
mode response is expected, use of Sa(7Tp) is not appropriate. Nonlinear response history analysis
(RHA) with spectrum-matched ground motion is found to give un-conservatively biased estimates
(Iervolino et al. 2010; Huang et al. 2009). Grigoriu (2016) showed that generally Sa(Tj) is weakly
dependent with engineering demand parameters for realistic structures and fragilities defined as
functions of Sa(7p) have large uncertainties and of limited practical use. Furthermore, for many
other engineering objects (e.g., dams, deeply embedded structures, etc.), it is very difficult to find
a proper IM in engineering practices. For example, choice of IM among peak ground acceleration
(PGA), peak ground velocity (PGV), Arias intensity (Al) and cumulative absolute velocity (CAV)
has been contentiously argued for deformation analysis of dam embankment (Davoodi et al. 2013).
Though Vector-valued PSHA (Baker 2007) was put forward to mitigate this issue, it is rarely
performed in practices. The difficulty lies in fragility computation. The fragility becomes a
function of vector IMs (e.g., a fragility surface for two IMs), which requires a large number of
structural analyses to be quantified. Properly choosing multiple IMs is also a problem. Many times,
even if proper IMs, such as Al and CAV, are identified, additional efforts are still needed to develop
GMPE for these IMs and their correlation.

An effective solution to the aforementioned problems would be to remove intensity measure
(IM) as an intermediate proxy from risk calculation. With this in mind, a time domain intrusive
framework for probabilistic seismic risk analysis is developed and described here. The framework
is based on the progress of Fourier amplitude spectrum (FAS) modeling of seismic motions over
last several decades (Brune 1970; Boore 1983; Boore 2003b; Boore and Thompson 2015). Recent
advances in inter-frequency correlation of FAS (Stafford 2017; Bayless and Abrahamson 2019) and
Fourier phase derivative modeling (Baglio 2017) are also taken into account. Uncertain motions are
simulated from stochastic FAS and Fourier phase spectrum (FPS), and are modeled as non-stationary
random process in time domain. With the proposed framework, engineering seismologists do not
need to interpret/simplify ground motion into IM(s). Correspondingly, structural engineers do

not need to compute fragility curve based on IM. Instead, all the important characteristics and
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uncertainties in seismic motions are captured through the random process and propagated into
uncertain engineering system with direct “communication” between engineering seismologists and
structural engineers.

Another feature of the proposed framework is the circumvention of Monte Carlo (MC) simula-
tion. MC approach is non-intrusive in the sense that no modifications to the underlying deterministic
solver are required. The state of probabilistic space is characterized by large, statistically significant
number of deterministic samplings of system random parameters. In conventional seismic risk anal-
ysis, structural fragility curve is developed by incremental dynamic analysis (IDA) (Vamvatsikos
and Cornell 2002). IDA, though theoretically straightforward, is numerically demanding because
of the slow convergence rate that is inherent in MC approach. Hundreds of structural analysis need
to be performed with deterministic sampling of uncertain material properties and uncertain ground
excitations at different IM levels. The same issue of MC approach also limits the application of
physics-based seismic waveform modeling techniques (Graves and Pitarka 2010; Maechling et al.
2007) into hazard/risk analysis. Millions of MC earthquake scenarios over regional geology have
to be simulated using deterministic wave propagation programs, such as CyberShake (Graves et al.
2011) considering uncertain kinematic sources, crustal geology and site conditions. (Maechling
et al. 2007) estimated that “it would require 300 million CPU-hours and well over 100 years to
complete all the simulations needed to calculate a PSHA hazard curve”.

To avoid non-intrusive MC simulation, Galerkin stochastic elastic-plastic finite element method
(SEPFEM) has been developed within the authors’ research group over the years (Jeremic et al.
2007; Sett et al. 2007; Sett et al. 2011a; Karapiperis et al. 2016; Wang and Sett 2016; Wang and
Sett 2019). Galerkin SEPFEM is an intrusive approach, requiring new developments based on
variational formulation of the underlying stochastic partial differential equations (SPDE). Using
appropriate choice of orthogonal polynomial chaos basis, intrusive Galerkin SEPFEM guarantees
optimal convergence rates, and is more efficient than non-intrusive MC approach (Xiu 2010;
Elman et al. 2011). Both random field structural parameters and random process seismic motions

are represented by Hermite polynomial chaos (PC) (Sakamoto and Ghanem 2002) with correlation
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structure characterized by Karhunen-Loeve (KL) expansion (Zheng and Dai 2017). Using Galerkin
SEPFEM, probabilistic dynamic response of uncertain structural system driven by uncertain seismic
motions is represented by unknown PC coefficients. Deterministic linear system equations of these
unknown temporal-spatial PC coefficients, equivalent to the original stochastic PDE, are derived
from Galerkin projection technique in weak sense. Seismic risk is then computed from probabilistic
dynamic structural response.

The organization of this paper is as follows: The proposed time domain intrusive framework
for probabilistic seismic risk analysis is formulated in section 2. Next, the proposed methodology

is illustrated by a numerical example in section 3 with conclusions drawn in section 4.

2 TIME DOMAIN INTRUSIVE FRAMEWORK FOR SEISMIC RISK ANALYSIS
The proposed framework consists of four components, as shown in Figure 1: seismic source
characterization (SSC), stochastic ground motion modeling, stochastic finite element analysis and

seismic risk computation.

| Fourier Amplitude Spectrum | | Fourier Phase Derivative

Stochastic Ground

Motion Modeling
Scenarios @ PC-KL Expansion
Seismic Source @ @ Galerkin Stochastic Structural
Characterization FEM Uncertainty
Rates @ Failure Probability

Fig. 1. Time domain intrusive framework for seismic risk analysis.
In the first step, SSC quantifies the uncertainty in earthquake scenarios so that the probabilistic

scenario space A(M, R, ®) for a given engineering site can be discretized into N mutually exclusive

events as follows:
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N
A(M,R,0) =_) 4;(M;, R;, ©)) (2)
i=1

where A(-) is the annual occurrence rate, M is the magnitude and R is the distance metric, which
could be either rupture distance R,,,, hypocenter distance Ry, or Joyner-Boore distance R;;. ©
denotes any other scenario metrics that are required for stochastic ground motion modeling, for
example, style of fault, hanging wall identifier, etc. N is the total number of seismic scenarios
considering all the active faults in the region. Basic relations for seismic source characterization
are formulated in Section 2.1.

For each scenario event S;(M;, R;, ®;), section 2.2 presents the procedure to simulate time
domain uncertain motions from stochastic FAS and FPS using inverse Fourier transform. The
simulated ground motion population for event S; is denoted as {I';}.

At the third step, both uncertain motions and uncertain structural parameters are represented
by Hermite PC-KL expansion as formulated in section 2.3. Two choices are provided here: (1)
Random process characterization (i.e., PC-KL expansion) is performed for each individual motion
population {I';} and conduct further Galerkin stochastic FEM analysis for each scenario S;. (2)
Seismic motion population from different scenarios is first combined as an ensemble population

{I'} following Equation 3:

N
{ry=_J{wi®r} 3)
i=1
with
Aj
i= 4
! Zz]'\il Ai @

where Uf.\i {wi ® I';} denotes the weighted combination of population {I';} with weight w; defined
as Equation 4. The annual occurrence rate of the ensemble population {I'} is 1 = Zf\; | Ai- The
weighted combination can be performed by aggregating individual population {I';} of different

size n;, i = 1,2,...,N such that n; is proportional to w;, i.e., w; = n;/ Zf.\i | M- Clearly, size
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n; for all i = 1,2,..., N should be large enough to represent the random process motions from
individual seismic scenario. As a result, weighted ensemble population {I'} with occurrence rate
A is statistically equivalent to the aggregation of motion population {I';} from individual scenario
with rate 4;. Then the ensemble population {I'} can be characterized as a single random process
and single stochastic FEM analysis is performed with PC-represented random process motions.
Compared with PC-KL representation for each individual population {I';}, the consequence of
PC-KL expansion for ensemble population {I'} is that larger dimension of PC is required since
underlying random process of population {I'} is more uncertain and less correlated among different
times. If both individual population {I';} and ensemble population {I'} are accurately characterized
by PC-KL expansion and propagated into uncertain structure through SFEM, EDP hazard can be

calculated by either Equation 5 or Equation 6:

N
AEDP > z) = > 4i(M;, R, ©;)P(EDP > Z|I)) )
i=1

A(EDP > z) = AP(EDP > z|T) (6)

where P;(EDP > z|I';) is the failure probability conditioned on individual population {I';} and
P(EDP > z|I') is the failure probability conditioned on ensemble population {I'}. Both Equation
5 and Equation 6 give consistent result for EDP hazard. The difference is that by using Equation
5, many more less expensive SFEM analyses are performed while using Equation 6 requires a
single, yet more expensive SFEM analysis. When the number of scenarios N is small, it is practical
to perform stochastic FEM analysis for each scenario and compute EDP hazard by Equation 5.
The advantage is that controlling scenario can be identified through EDP hazard de-aggregation.
However, when there are many seismic scenarios, quantifying ensemble population as a single
random process through PC-KL expansion and performing single stochastic FEM analysis can be

computationally more efficient.
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2.1 Seismic Source Characterization

Seismic source characterization (SSC) and earthquake rupture forecast (ERF) are complex
scientific issues. Earthquake occurrence rate tends to be comprehensively evaluated by multiple
approaches, for example, using historical seismicity, geological information (e.g., long term slip
rates and paleoseismic recurrence intervals) and geodetic information (Field et al. 2017). Assuming
Poisson process of earthquake occurrence, annual occurrence rate A/ of earthquakes on a fault can

be estimated based on seismic moment balance (McGuire 2004):

UAS

M= —
[o " E(M) f(M) dM

(N

where S is annual slip rate, u is shear modulus of crust and A is fault area, f(M) is the proba-
bilistic model of magnitude distribution, which could be truncated exponential model, Young’s and
Coppersmith characteristic model (Youngs and Coppersmith 1985), truncated Gaussian model, etc.

The seismic moment of earthquake, £ (M) with magnitude M is given as:

E(M) — 101.5M+16.05 (8)

In engineering practices, only earthquakes greater than certain magnitude M,,;, are considered,

=f .
whose annual occurrence rate A4° is:

_f Mmax
A=A J f(M)aM )
Mmin

Using probabilistic models of rupture area conditioned on magnitude f(A|M), rupture width
conditioned on rupture area f(W|A) (Leonard 2010), rupture location along strike (AS) f(Y) and
down-dip (DD) f(Z), distance metric R and other scenario metrics ®, for example, depth to the
top of rupture plane Z;,,, can be geometrically characterized as g(R, ®|M) for a given engineering
site (Hale et al. 2018). The discretized mutually exclusive scenarios 4;(M;, R;, ®;) in Equation 2 is

then quantified as:
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m —
(M, R;, ®;) = g /ljfj fi(M)g;(R,O|M)dM dR dO (10)
j=1 A;

where m is the total number of active faults, subscript j denotes the probabilistic models and
quantities specific to the j* fault, A; is the integral domain for the i’ discretized scenario with

magnitude step AM, distance step AR and A® for any other scenario metrics O if required:

AM AM AR AR A® A®
Ai:[Mi_T’Mi+T]X[Ri_7’Ri+7lx[®i_7’®i+7] (11)

Many PSHA programs could perform SSC, e.g., HAZ45 (Hale et al. 2018). It is noted
that presented above are fundamental relations for seismic characterization of fault sources. For
regions with unknown fault locations or having background seismicity, areal source should also
be considered and characterized. See references (Coppersmith et al. 2012; Moschetti et al. 2015)
for more details on seismic source characterization of areal source. Epistemic uncertainties in slip
rate, magnitude distribution models and other parameters, which are typically considered with logic
tree approach (Musson 2012), are not considered here for simplicity. In addition, for some sites,
authoritative estimates of magnitude, location and rate of earthquake ruptures could be determined
from established regional earthquake rupture forecast (ERF) models, for example, UCERF3 (Field

et al. 2017) for California region.

2.2 Time Domain Stochastic Ground Motion Modeling

Time domain uncertain motions can be simulated from stochastic FAS and Fourier phase
derivative (Boore 2003a; Boore 2003b). Specifically, uncertain FAS of seismic motions is modeled
as Log-normal distributed random field (Bora et al. 2015; Stafford 2017) in frequency space, whose
marginal median behavior is simulated by the stochastic method of Boore (2003b). It is referred
to as Boore03 approach hereafter. Boore03 approach simulates FAS using w? radiated source

spectrum (Brune 1970) with modification for path and site effects, as shown in Equation 12:

FAS(f) = Ao(Mo, f)Z(R)exp(=nfR/QB)S(f)exp(=nkof) (12)
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where M is the seismic moment; S is the source shear wave velocity; Z(R) and exp(—n fR/Qf)
represent the contribution from path effects: Z(R) is the geometrical spreading term as a function of
distance R. Term exp(—n f R/Qf) quantifies the anelastic attenuation as the inverse of the regional
quality factor, Q. The site effects including site amplification through crustal velocity gradient
and near surface attenuation are demonstrated by S(f) and « filter exp(—mkof), respectively.
Term A represents the radiated acceleration source spectrum, which could be characterized by

single-corner-frequency model:

2
Q2nf) ] (13)

Ao(Mo, /) = CMo| ==
L+ (f/fo)?
where fy is the corner frequency, which in Brune’s model (Brune 1970) is related to source stress

drop Ao as follows:

fo =4.9x10°8(Ac/Mp)'? (14)

Boore03 approach is well-recognized for its simplicity and effectiveness to capture the marginal
mean behavior of stochastic FAS. Bayless and Abrahamson (2018) pointed out that the inter-
frequency correlation structure of FAS random field is also important for seismic risk analysis.
Misrepresenting-representing the correlation structure, e.g., assuming inter-frequency indepen-
dence, would lead to underestimation of seismic risk. Therefore, inter-frequency correlation model
for stochastic FAS developed recently (Stafford 2017; Bayless and Abrahamson 2019) is adopted
here.

Though the behavior of FAS was well studied, modeling Fourier phase angles is still challenging.
Conventionally random phase info is simulated using stationary Gaussian white noise modulated
by an envelope function. However, Montaldo et al. (2003) stated that conventional Gaussian white
noise approach could not reliably reproduce the non-stationarity of ground motions. For this reason,
the use of phase difference A® was suggested by Ohsaki (1979). Using California strong ground

motion data, Thrainsson and Kiremidjian (2002) modeled phase differences as Beta distribution.
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However, the established phase difference models are affected by the signal length of each record.
It is more stable to normalize phase difference by signal length and study the probabilistic model

of phase derivative ® defined as (Boore 2003a) :

. AD
b=— (15)
Af
Based on 3551 ground motion records from PEER NGA-West 1 database, Baglio (2017) found
that the distribution of phase derivative is leptokurtic and fits well to Logistic model:
& -u

200

f(d;p o) = isechz( ) (16)
4o

where u and o are the mean and scale parameter of the Logistic distribution f (®; i, o), sech(-) is
the hyperbolic secant function. Following Baglio (2017), the mean value u is a fixed parameter to
position the distribution along the signal length. For example, setting mean parameter u equal to
n/df would align the peak of uncertain seismic motions to the center of simulated signal length.
The prediction equation of scale parameter o is correlated to earthquake magnitude M, rupture
distance R, Vi30 and directivity index Dp; = Rpyp — Ry with coeflicients ay, az, B1 ~ Ba, 71

and y; determined from maximum likelihood estimation:

log(c/n) = ay + aalog[By + 10PM + B3R, + Balog(Vizo) + ¥1 + ¥2Dpir] (17)

Phase derivatives ®( f) among frequency coordinates is modeled as Logistic distributed random

field following exponential correlation with correlation length /; = 0.05Hz:

A - Al
Cov(®(f) D) =e U (18)

The methodology of time domain stochastic ground motion modeling is summarized below:

1. Compute marginal median of Log-normal distributed random field FAS(f) following

Boore03 approach.
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2. Generate realizations of Log-normal distributed random field FAS(f) according to the
marginal estimation in step 1 and inter-frequency correlation model by Bayless and Abra-
hamson (2019).

3. Determine the scale parameter o~ of marginal Logistic model for phase derivative random
field with Equation 17. Set mean value u to /df for central peak (Baglio 2017).

4. Generate realizations of Logistic distributed random field ®( f) with marginal distribution
from step 3 and exponential correlation structure.

5. Multiply realization of phase derivative in step 4 by frequency interval df to get realizations
of phase difference A®(f). Compute realizations of phase angles from A®(f). First phase
angle can be randomly set and would not affect the synthesis.

6. Inverse Fourier transformation to time domain with realizations of FAS and FPS.

Time domain stochastic ground motion for a single scenario with magnitude M = 7, distance
Rup = 15km has been simulated following the above methodology. The detailed modeling
parameters for source, path and site effects of this scenario are given in Table 1. The marginal
median FAS is computed using program SMSIM developed by Boore (2005). With reference to
recent GMPE studies of FAS (Bora et al. 2015; Bora et al. 2018), marginal lognormal standard
deviation of FAS has been adopted as total o = 0.8 [n units. The maximum modeling frequency
Jmax 18 20Hz. It is noted that ergodic assumption was used in developing these GMPEs of FAS. A
smaller value of marginal standard deviation can be used for non-ergodic probabilistic seismic risk
analysis if additional source, path or site specific information is available.

Combining stochastic FAS with uncertain Fourier phase info, 500 realizations of time domain
stochastic motions are synthesized. Figure 2 shows three different synthesized accelerations. Large
variability is observed, for example, peak ground acceleration could vary from 1.8m/s> to 5.5m/s>.

Spectral acceleration (Sa) of 500 synthesized realizations are calculated and compared with
weighted average prediction of five NGA West-2 GMPEs (Gregor et al. 2014) with weights 0.22 for
ASK14, 0.22 for BSSA14, 0.22 for CB14, 0.22 for CY 14 and 0.12 for I14. From figure 3(a), median

spectral acceleration Sa from simulated stochastic ground motion is in very good agreement with

12 Hexiang Wang, April 25, 2020



TABLE 1. Source, path and site parameters for stochastic ground motion modeling of seismic
scenario M =7, Ryyp = 15km.

Parameter type Name Value
Magnitude M=7
Source density ps = 2.8g/cm?
Source Source velocity B =3.6km/s
w? source spectrum Single corner frequency with Ac = 8.0M Pa
Fault type Reverse fault ., = 1
Dip angle 45°

Rrup = 15km, Ry = 18km

Distance metrics Rjp = 12km, Ry = —12km

Path Finite faults effects Equivalent point source model (Boore and Thompson 2015)
with Rps = 22.18km
Geometrical spreading Hinged line segments model (Atkinson and Boore 1995)
Anelastic attenuation Q Three line segments model by (Boore 2003b)

Site amplification V3o = 620m/s

Site Table 4 of (Boore and Thompson 2015)
Ko attenuation ko = 0.03s
6 6 6
4 4 4
% 2 % 2 T2
@2 9 =
E 9 NWMWMWWNWWWMWW Eo £ 0
Q 8 ‘3‘
<2 <2 8-
-4 -4 -4
o 5 0 15 20 % 5 10 15 20 % 5 _ 10 15 20
Time [s] Time [s] Time [s]

Fig. 2. Realizations of uncertain acceleration time series population.

GMPE predictions for all period ordinates. No systematic bias is observed. Figure 3(b) shows that
the standard deviation of simulated response spectra is around 0.65 /n units, which is consistent with
aleatory variability of Sa given by GMPEs. In other words, time domain stochastic ground motions
simulated with aforementioned methodology could not only characterize the median behavior of
Sa very well, but also carry desired amount of uncertainty that is consistent with empirical GMPEs.

The marginal distribution of simulated accelerations at all the time instances is observed to
be Gaussian. Similar observation is also made by Wang and Sett (2016) from statistical analysis
of seismic records. Therefore, time domain stochastic ground motions is modeled as a Gaussian
distributed non-stationary random process. The random process would be represented with Hermite

polynomial chaos as formulated in the next section.
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Fig. 3. Verification of simulated stochastic motions: (a) Check median spectral acceleration Sa
with NGA West-2 GMPE (b) Check aleatory variability of simulation spectral acceleration Sa.

It is worthwhile to mention that the random process incorporates much more information
about uncertain ground motions than GMPE used in conventional PBEE. GMPE only quantifies
the variability of selected IM, such as Sa, while the random process carries not only consistent
variability of Sa but also any other important characteristics, e.g., PGA, CAV, etc. Realistic inter-
frequency correlation of FAS (Bayless and Abrahamson 2019) is captured. Non-stationarity of
seismic motions is quantified through phase derivative modeling without using any modulation
function. Compared with existing ground motion modeling techniques commonly adopted by
reliability community, e.g., evolutionary power spectrum and white noise random phase spectrum,
presented methodology is directly compatible with state-of-the-art seismic source characterization.
It could explicitly account for specific source, path and site condition in both stochastic modeling
of FAS and FPS. Many reliability analysis methods, such as probabilistic density evolution method
(Xu and Feng 2019) can be readily combined with the presented methodology and incorporated

into the proposed risk analysis framework for PBEE.

2.3 Hermite Polynomial Chaos Karhunen-Loeve expansion
This section formulates Hermite polynomial chaos Karhunen-Loeve (PC-KL) expansion for

general heterogeneous random field D(x, #) of arbitrary marginal distribution. Both uncertain
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motions and uncertain structure parameters can be represented with PC-KL expansion. To achieve
this, we first represent heterogeneous random field D(x, ) of arbitrary marginal distribution through
Hermite polynomial chaos of underlying Gaussian heterogeneous random field y(x, ) up to order

P (Sakamoto and Ghanem 2002; Wang and Sett 2016):

P
D(x,0) = > Di(x)Q;(y(x,0)) (19)
i=0

where 6 denotes the uncertainties. Functions {Q;} = {1,y,y%> — 1,93 =3y, ...} are orthogonal, zero
mean (i > 1) Hermite PC bases constructed from zero mean, unit variance kernel Gaussian random
field y(x, 68). Then at the second step, Gaussian random field y(x, #) can be further decomposed
by Karhunen-Loe¢ve (KL) theorem (Zheng and Dai 2017).

The deterministic PC coefficient field D;(x) can be calculated through marginal distribution of

D(x, 0), as shown in Equation 20, where (-) is the expectation operator.

_ (D)
L)

(20)

The covariance structure of the original random field Covp(xy, x2) is mapped to the Gaussian

covariance kernel Cov, (x1, x2) as:

P
Covp(x1,x2) = D, Di(x1) Di(x2) i ! Covy(x1,x2) (2D
i=1

The Gaussian covariance kernel Cov, (x1, x2) can be eigen-decomposed into probabilistic spaces

up to dimension M, according to Karhunen-Loeve (KL) theorem (Zheng and Dai 2017):

M
y(x.0) = D VA fi(x)E(0) (22)
i=1

where {&;(0)} are the multidimensional, orthogonal, zero mean and unit variance Gaussian ran-
dom variables, and A; and f;(x) are the eigen-values and eigen-vectors of the covariance kernel

Cov, (x1, x2) that satisfy Fredholm’s integral equation of the second kind (Sakamoto and Ghanem
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2002).
Combining Equations 19 and 22, the resultant PC-KL representation of general random field
D(x, 0) is obtained as,

K
D(x,6) = > di(x)¥i({£(6)}) (23)

i=0
where {W;} are multi-dimensional orthogonal Hermite PC bases of order P constructed from M di-
mensional probabilistic space (i.e., {£;(0)}, j = 1,2, ..., M). The total number of multidimensional
Hermite PC bases K is related to order P and dimension M as K = 1+ X7 % H‘]‘.;é(M + 7).

By equating two representations of D(x, 8) in Equations 19 and 23, the coefficients of multi-

dimensional Hermite PC are derived as:

| v VG i ()
_ <ll;,2> D,(x) 1—[ > k() Jk()
/ = \ZM (Vo fn ()2

where p is the order of the polynomial ;. From Equation 23, PC synthesized marginal mean and

di(x)

(24)

variance of the original heterogeneous random field can be calculated as:
(D(x,8)) = do(x) (25)

K
Var(D(x,6)) = >, d(x) (¥}) (26)

i=1
PC-synthesized correlation structure can also be computed as:
2K di(x1)di(x2) (PF)

) | ) < 27
ovp(x1, x2) VVar(D(x1))Var(D(x2)) .

Equations 25, 26 and 27 can be used to compare the PC-synthesized statistics with statistics of

original random field D(x, 8) and check the goodness of PC-KL expansion.

2.4 Galerkin Stochastic Finite Element Method
Stochastic Galerkin approach intrusively solves the stochastic partial differential equations

(PDE) with optimal convergence (Sett et al. 2011a; Wang and Sett 2016). Compared to determin-
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istic finite element method (FEM), Galerkin stochastic FEM introduces spectral discretization of
probabilistic domain in addition to the spatial and temporal discretization. Using standard spatial
FEM discretization, unknown displacement random field u(x, ¢, 8) can be expressed with shape

function N;(x) and uncertain displacement u; (¢, ) at nodes:

N
u(x,1,60) = > Ni(x)u;(t,6) (28)
i=1

Uncertain displacement at nodes u;(z, 8), can be further represented with aforementioned multidi-

mensional Hermite PC basis ¢;({£,(6)}) of dimension M", order P

K
ui(1,0) = > uij(1);({€(0)}) (29)

Jj=0

Combining Equations 28 and 29, spatial-probabilistic discretized expression of u(x, ¢, 8) is given:

N

K
u(x,1,0) = > > Ni(o)uij(1)$,;({£:(0)}) (30)

i=1 j=0

Galerkin weak formulation of stochastic partial differential equations of motion can then be written

in the following form:

2 [ JDC Nyu(x)p(x) Ny (x)d V iy (2, 6) +

e

+ J Byn(x)E(x,0)B,(x)dV u,(t,0) — fin(t, 0)] =0 (31)
D,

where Z denotes the assembly procedure over all finite elements, while p(x) is deterministic
e

material density field. The shape function gradient function B, (x) is given as:

B, (x) = VN, (x) (32)

In Equation 31, E(x, #) is uncertain tangential stiffness matrix, while f,(¢, @) is uncertain global
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force vector that incorporates various elemental contributions.
Expansion of uncertain stiffness matrix E (x, 8), and uncertain force vector f,, (¢, ) into Hermite
PC bases W ({£,(6)}) and y;({&-(0)}) of dimension M¥, order PE and dimension M/, order P/,

respectively, yields:
KE

E(x,0) = > Ex(x)¥r({&(O)}) (33)
k=0

Kf

Sn(6,0) = D7 (OY1({€-(0)}) (34)
1=0

By combining equations 29, 33 and 34 and equation 31, one obtains:

K" 1<
J MMV 3 i (600} = 2 (6160
35)
+ ID Bon(x) 2 (& O Bae)dV S i (0} = 0

j=0

By performing Galerkin projection of Equation 35 onto PC bases ¢;({£,(6)}), to minimize
the residual, system of deterministic ordinary differential equations (ODE) involving temporal

derivative of unknown PC coeflicients u,;, is developed:

Mminjl;inj + Kminjunj = Fni (36)

where mass tensor/matrix M,,;,; is given by equation 37:

My = S ID N (E)pE)Na (XY V (1)) 37)

stochastic stiffness tensor/matrix K;,; is given by equation 38:

Kininj = Z 20| Bn()Ew(x)Bu(x)dV (¥i¢i)) (38)

k=0 e D,

and stochastic force tensor/vector F,,; is given by equation 39
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Kf
Foi = D fou W1 9i) (39)
=0

In Equations 37, 38 and 39, terms (¢;¢;), (¥1¢;) and (W ¢;¢;) are the ensemble average tensors
of double-product and tri-product of different PC bases. These ensemble average tensors could
be pre-computed and used to construct the stochastic mass matrix M,,;,; and stochastic stiffness
matrix Ky,;,;. Itis noted that Einstein’s notation for tensor indices summation is assumed throughout
(Lubliner 1990).

The deterministic system of ordinary differential equations (ODE) from Equation 36, can be
integrated in time using dynamic integrator algorithms, for example Newmark method (Newmark
1959), or Hilber-Hughes-Taylor a-method (Hilber et al. 1977). Result of such time marching
solution will be time histories of displacement PC coefficients u,;. Those time evolving displace-
ment PC coeflicients u,; can then be used to develop complete probabilistic dynamic finite element
response. With resulting complete probabilistic dynamic finite element response, any damage mea-
sure, in fact all damage measures related to EDP(s) can be applied to trace the failure probability
P;(EDP > z|I';) or P(EDP > z|I'). EDP hazard can then be computed according to Equations 5
and 6.

The above formulation of Galerkin stochastic FEM is complete for linear elastic problem with
constant uncertain elastic stiffness matrix E (x, 8). For nonlinear, inelastic problems, additional for-
mulation of stochastic elastic-plastic FEM (SEPFEM) is required and relies on recent developments
(Jeremic et al. 2007; Sett et al. 2007; Sett et al. 2011b; Sett et al. 2011a; Arnst and Ghanem 2012;
Rosic¢ and Matthies 2014; Karapiperis et al. 2016). One of the challenges of the SEPFEM lies in the
development of the probabilistic elastic-plastic stiffness at the constitutive level that is to be used
for finite element level computations. Eulerian-Lagrangian form of the Fokker-Planck-Kolmogorov
(FPK) equation has been successfully used to obtain probabilistic stress solutions (Jeremic et al.
2007; Sett et al. 2007; Sett et al. 2011a). It is noted in order to produce uncertain stiffness, least
square optimization and linearizion techniques (Sett et al. 201 1a; Karapiperis et al. 2016) are used.

To this end, in one dimension (1D), elastic plastic material model with vanishing elastic region
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is used in conjunction with Armstrong-Fredrick nonlinear kinematic hardening (Armstrong and
Frederick 1966; Dettmer and Reese 2004). This approach simplifies modeling, as elastic plastic
response directly follows Armstrong-Frederick nonlinear equation. For the approach proposed
here, probabilistic nonlinear response between inter-story restoring force FX and inter-story drift
n is formulated through direct PC-based Galerkin intrusive probabilistic modeling of Armstrong-
Fredrick hysteretic behavior.

In incremental form, Armstrong-Fredrick kinematic hardening relation (Armstrong and Fred-

erick 1966) between inter-story restoring force F¥ and inter-story drift 7 can be written as:

dF® = H, dn — C,F®|dn| (40)

where H, and C, are model parameters. By setting dF ¥ = 0, the ultimate inter-story restoring force

becomes FX

max = Ha/Cy. The tangential stiffness E (F RY is a function of restoring force FX:

dFR
E(F®) = yr H, - C,F® sgn(dn) 41)

where sgn(-) is the sign function. Equation 41 can be written as:

E(F® =H, +C.F¥ (42)

where + sign is taken for negative inter-story drift dn and — sign is taken for positive inter-story
drift dn. In the general probabilistic setting, model parameters H, and C, can be uncertain and
modeled as random fields H,(x, 8) and C, (x, ). By applying PC expansion with Hermite PC bases

vi({&,(6)}) to those two model parameters, the following equations are obtained:

P

Hy(x,0) = > Hai(x)0i({£:(0)}) (43)
i=0
P

Cr(x,0) = >, Ci(0)i({£(0)}) (44)
i=0

20 Hexiang Wang, April 25, 2020



436

437

438

439

440

441

442

443

444

445

446

447

448

449

450

451

452

453

454

455

457

458

The inter-story drift increments dn(x, 6), that represent input to the to constitutive driver (Equation

40) are also uncertain due to the probabilistic structural response u(x, ¢, 6):

P
dn(x,0) = > dni(x)gi({£(0)}) (45)

i=0

As a result, probabilistic incremental restoring force dF ¥ (x, §) and probabilistic tangential stiffness

E(x, 6) are then:

P
dFR(x,0) = > dFf (x)pi({&(0)}) (46)
=0
P
E(x,0) = > E(x)p;({&(0)}) (47)
i=0

Substituting Equations 43 ~ 47 into Equations 40 and 42 and applying Galerkin projection on PC

basis ¢;{£,(0)} yields:

P P P P P
Z dFER (omei) = D D Hajdmi (pjoneiy = > > > CuERdn, (oronpspi)  (48)

j=0 k=0 [=0 n=0 s=0

Z Ep, <‘10m¢l> = Z Ha] <50]901> + Z Z CrlF <(pl§0n‘10l> 49)

=0 n=0

By using the orthogonality of Hermite PC bases (p;¢;) = 0 for i # j, solutions to the unknown

PC coefficients of incremental inter-story force dF % (x, 0) and inter-story stiffness E(x, 6) can be

written as:
1
dFR = oo Voo Has (@jorpi) = CuFRdn, {p1onpspi) (50)
E; = Hy : R ) (5D
i — g Var[ 1] rl n \PI1PnP;

where (-) is the expectation operator. Var[¢;] is the scalar variance of PC basis ¢;{£,(6)},
which equals to (gol.z). It is noted that in the above equations, Einstein’s tensor summation notation
is used with index i as a free index. Terms (@; i @;), (@i@npi) and {Yp,@;¢;) are the expectation

of triple and quadruple product of PC basis ¢;{&,(0)}.
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The above 1D formulation for SEPFEM is implemented in the context of explicit, forward Euler
algorithm, The expanded stiffness matrix K;,; is constructed using stiffness PC coefficients ™ E; at
step n following Equation 38. Displacement PC coefficients "Dy, ; of step n+ 1 are then solved by

applying force vector **1)

Fy,; and using stiffness matrix K;;,; within Equation 36. Following that,
incremental inter-story drift PC coefficients **dn; are calculated from displacement response

"+ Dy, ; and incremental uncertain restoring force (”“)dFL.R can be quantified as:

A = Garta
Yi

Hy; "V (piorgiy + Cp R ™D dn (0100050:) (52)

Updating the restoring force “"*D FR is then:

1) R _ R 1) jpR
(D pR = R 4 D g (53)
while new stiffness PC coefficients "*DE; at step n + 1 are then:

1
Var|¢i]

(n+1)Ei = H, + C, (n+1)FnR <(,014Pn90i> (54)

3 ILLUSTRATIVE EXAMPLE

To illustrate the proposed framework, seismic risk of a typical eight story shear frame structure
that has been studied by many researchers (Li and Chen 2006; Mitseas et al. 2018; Papazafeiropoulos
et al. 2017; Xu and Feng 2019) , is developed. The frame structure is shown in Figure 4.

The hysteretic restoring force versus inter-story drift behavior is described by Armstrong-
Fredrick model presented in section 2.4. Material parameter H, of Armstrong-Fredrick model
is assumed to be Gaussian distributed random field with 15% coefficient of variation. Means of
material parameter H, are given for different floors as: H,; ~ H,, 1.59 X 10’N/m, Hyz ~ Hyg
1.66 x 10’N/m and H,7 ~ Hug 1.76 x 10’N/m. The correlation structure of parameter H, is
assumed to be exponential between different floors, with correlation length of /. = 10 floors.

Material parameter C, is assumed to be C, = 17.6 1/m. The resultant mean hysteretic behavior
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Fig. 4. Eight-story shear frame structure with uncertain floor stiffness under non-stationary seismic
motions.

of first floor is also shown in Figure 4. Floor masses are assumed to be deterministic. Rayleigh
damping C = M + BK is used with parameters a and § chosen to be @ = 0.22Hz and g = 0.008s.
Other structure modeling parameters are given in Table 2. Those parameters are determined from

Xu and Feng (2019). Parameters H, and C, are calibrated to match the hysteretic behavior shown

in Xu and Feng (2019).

TABLE 2. Parameters of the eight-story shear frame structure.

holm]  hlm] mi~mylkg]l ma~malkg] ms~melkg]l m~mglkg]
4 3 2%x10° 2.2x10° 2.4 x10° 2.5 %x10°

3.1 Seismic Source Characterization

The structure is located at coordinate (10km, 40km), SOkm away from a strike slip fault with
90° dip angle, as shown in Figure 5. The fault length is 250km with annual slip rate of 20mm/yr.
Detailed geometry and model parameters for SSC of the strike slip fault are given in Table 3. Mean

characteristic magnitude of the fault M is 7.6, and is related to fault area A (Leonard 2010) as:
M =log(A) +4 (55)

Only earthquakes with magnitude greater than 5 (i.e. M,,;, = 5) are considered. Following the
procedure of SSC in section 2.1, annual rate of earthquakes occurring on the fault is 2 = 0.0067/yr.

Probabilistic scenario space A(M, R, ) is discretized into four mutually exclusive scenario events

23 Hexiang Wang, April 25, 2020



200

i\ K (60,150)
100 strike slip fault
dip angle 90°

= A slip rate 20mm/ yr
~ 0 (1040) meanM = 7.6
> truncated Gaussian

100 0 =0.2,n0Omax =2

(60, -100)
'200 L I |
0 25 50 75 100
X [km]

Fig. 5. Seismic risk analysis of an eight-story shear frame structure (red triangle) with uncertain
stiffness K subjected to earthquakes from a strike slip fault (black line).

TABLE 3. Parameters for seismic source characterization (SSC) of the strike slip fault.

Parameter Value
Fault length 250km
Fault width 15km
Dip angle 90°
Slip rate S 20mm/yr
Style of faulting Strike slip
f(M) Truncated normal with 0=0.2 no,,,=2 (Hale et al. 2018)
f(AIM) Delta function at log(A) = M — 4
f(W]|A) Delta function at W = V1.5A, limited to fault width
f) Uniform distribution
f(Z) Uniform distribution

495 S;(M;, R;, ©;) as shown in Table 4. The computation is performed with probabilistic seismic hazard
496 analysis program HAZ45 (Hale et al. 2018) using 0.2 for magnitude step AM and 2km for distance
step AR.

TABLE 4. Seismic scenarios for the strike slip fault.

Scenario ID M Ryup [km]  Annual rate A(M, R,,,p,)

1 7.3 56 9.54x107%
2 7.5 56 2.40x1073
3 7.7 56 2.40x1073
4 7.9 56 9.54x107*

497
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3.2 Time Domain Stochastic Ground Motion Modeling and Representation
For each characterized seismic scenario S;(M;, R;, ®;), 500 realizations {I';} of time domain
uncertain motions are simulated using methodology described in section 2.2. Figure 6 shows the

first 200 realizations of simulated motions for earthquake scenario 1 with M = 7.3, R, = 56km.

Realizations| |
Mean

Acc [m/sz]
o

0 10 20 30 40
Time [s]

Fig. 6. Realizations of uncertain seismic motions for scenario M = 7.3, R, = 56km.

In this study, ground motion populations from four different scenarios are combined into a
single population I' using Equation 3 and modeled as a non-stationary random process. The
random process is represented by multi-dimensional Hermite polynomial chaos (PC) following
the technique formulated in section 2.3. Since marginal distribution of the random process is
observed to be Gaussian (section 2.2), theoretically, PC representation with order 1 is sufficient.
The dimension of PC basis needs to be carefully chosen to reconstruct the correlation structure
of the original random process. To ensure the accuracy of PC-KL representation, following error

measurements are defined and evaluated:

e The absolute error on marginal mean of the random process:

1 &
Em = 3 2 It = ()] (56)
I k=1

e The absolute error on marginal standard deviation of the random process:
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1 X .
Esd = — >, o) — o (1) (57)
Nt i3
e The absolute error on correlation of the random process:
1y .
Ecorr = — ZZ |Cov(ty, t1) — Cov(ty, t7)| (58)
t k=1 1=1
where u(ty), o (tx) and Cov(ty, t;) are the marginal mean, marginal standard deviation and correla-
tion field of simulated ground motion population I'. Terms fi(#;), 6 (t;) and C on(% 1;) are statistics
calculated from PC representation of the random process from Equations 25, 26 and 27. Term #;
denotes the k' time instance and N, is the total number of time instances.
Hermite PC bases of order 1, dimension 20, 70, 150 and 300 are examined for PC-KL expansion
of random process motions. The errors for different PC bases are given in Table 5. It can be observed

TABLE 5. Error in probabilistic characterization of non-stationary acceleration and displacement
random process using PC-KL expansion with different dimensions.

Dimension of PC Dim. 20 Dim. 70 Dim. 150  Dim. 300
Displacement mean error &, 8.63x107° 8.63x10™° 8.63x10™° 8.63x107°
Displacement S.D. error &4 1.28x1077  1.28x1077 1.28x1077 1.28x107’

Displacement correlation error £, 0.059 2.26x107*  8.27x107° 3.06x1077
Acceleration mean error &, 9.84x10™° 9.84x10° 9.84x10™° 9.84x107°
Acceleration S.D. error &4 1.23x1077  1.23x1077  1.23x1077  1.23x107’

Acceleration correlation error &..,, 0.185 0.091 0.053 0.028

that in all the four cases marginal behavior of the random process motions is well captured with
very small magnitudes of errors &, and &5,4. As shown in Figure 7, synthesized marginal mean and
marginal standard deviation from PC representation match very well with statistics of simulated
motions.

As the dimension of PC increases, the relative error of correlation structure decreases while the
computational cost in stochastic FEM increases. Itis noted that PC dimension 70 is already adequate
to capture the relatively smooth random displacement correlation field. However, acceleration
correlation field synthesized from PC dimension 70 is overestimated among many time steps. PC

dimension 150 and 300 approximate acceleration correlation structure much better. Eventually,
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Fig. 7. Comparison between PC-synthesized (black line) marginal mean and marginal standard
deviation (SD) and statistics of simulated ground motion realizations (red line).

considering both accuracy and efficiency, Hermite PC of order 1, dimension 150 is used to spectrally
discretize the random process seismic motions in stochastic FEM analysis. The comparison between

the exact correlation structure and the PC synthesized correlation structure is shown in Figure 8.

3.3 Stochastic Galerkin FEM Analysis and Seismic Risk

In order to perform stochastic Galerkin FEM analysis, it is also necessary to characterize the
randomness of stiffness of the structural system. In order to do that, Hermite PCs of dimension 2, 4
and 6 is used for capturing the exponential correlation structure of random field parameter H,(x, 6).
It can be observed from Figure 9 that PC dimension 4 can reasonably well reconstruct the correlation
of H,(x,60). With PC characterized structural parameters, the probabilistic hysteretic behavior of
restoring force versus inter-story drift can be intrusively modeled following the stochastic Galerkin
technique formulated in section 2.4. Figure 10 shows the probabilistic response of restoring force
of the first floor under cyclic loading. Verification of developed constitutive modeling is performed
using 10,000 Monte Carlo simulations and shown in Figure 10 as well. It can be seen that PC-based

intrusive probabilistic hysteresis modeling produces almost the same response as Monte Carlo
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Fig. 8. Verification of PC synthesized acceleration and displacement correlation field with PC
dimension 150.

simulations. It is noted that intrusive probabilistic approach is approximately 2000 times faster
than corresponding Monte Carlo modeling.

With both uncertain seismic motions (dimension 150) and uncertain structural parameters
(dimension 4) represented by Hermite PCs, probabilistic structural displacement is described in 154
dimensional probabilistic space of Hermite PCs. The unknown time varying PC coefficients, that
contain all the information about the probabilistic evolution of structural response, are intrusively
solved using developed Galerkin SEPFEM (section 2.4). With these solved PC coeflicients, a

polynomial chaos based surrogate model is analytically established (Sudret 2008). After that,
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Fig. 10. Intrusive probabilistic modeling of Armstrong-Frederick hysteretic behavior and verifica-
tion with Monte Carlo simulation: (a) Gaussian distributed Ha with mean 1.76 x107 N/m and 15%
coefficient of variation (COV), C, = 17.6. (b) Gaussian distributed Ha with mean 1.76 x10” N/m
and 15% coeflicient of variation (COV), Gaussian distributed C, with mean 17.6 and 15% COV.

any probabilistic structural dynamic response can be easily reconstructed. Time evolving mean,
standard deviation (SD) and correlation field of any resulting field of interest can be directly
evaluated through Equations 25, 26 and 27. By efficiently sampling the PC surrogate model,
marginal or joint PDF of any structural response of interest can also be obtained through kernel

density estimation.
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For example, Figure 11 shows the time evolving mean and standard deviation (SD) of the first

and top floor deformation relative to the ground. Due to inelastic, elastic-plastic response, uncertain
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Fig. 11. Time evolving mean and standard deviation (SD) of the first and top floor deformation
relative to the ground.

permanent deformation is observed in both mean and standard deviation of floor deformation. It is

noted that the deformation of top floor presents much larger variability than that of the first floor.
Two typical engineering demand parameters (EDPs) are selected for seismic risk analysis:

Maximum inter-story drift ratio (MIDR) and Peak floor acceleration (PFA) (Miranda and Taghavi

2005; Miranda and Akkar 2006). We define MIDR as a function of probabilistic dynamic floor

displacement:
i(t,0) —u;—1(¢,0
MIDR,(O): max {lul(’ ) ul 1(7 )|} (59)
t€[0.T] H;
(1, 0) —u;_1(2,0
MIDR(§) = max max {'”( ) — i1 )l} (60)
i€[1,8] te[0,T] H;

where MIDR;(0) and u;(t, 0) are the probabilistic MIDR and displacement of the i’ " floor, respec-
tively, and H; is the floor height, while probabilistic MIDR of the whole shear frame structure is

given as MIDR(6).
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Probabilistic floor accelerations are defined as :

PFA;(0) = trelgg%{liii(t, o)} (61)
PFA(0) = max max {|ii;(z,0)|} (62)

i€[1,8] 1€[0,T]

where PFA;(6) and ii;(z,0) are the probabilistic PFA and acceleration of the i"" floor, respec-
tively, while PFA(0) is the probabilistic PFA of the whole structure. Since both probabilistic
displacements u; (¢, @) and probabilistic accelerations ii; (¢, #) are well defined through resulting PC
coeflicients, probabilistic response of MIDR and PFA are readily available through Equations 59
to 62.

For example problem, the probability density evolution of MIDR(6) is shown in Figure 12. At
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Fig. 12. Time evolving probability density function (PDF) of MIDR for frame structure.

t = Os, the structure is deterministically at rest, therefore, the PDF of M IDR tends to infinity, i.e.,
a delta function centered at zero and as such is not shown in Figure 12. Figure 13 shows typical
PDFs at three different times. It can be observed that PDF of MIDR is dispersing during first half

of the seismic loading, while toward the end of the loading, it shows high kurtosis, due to reduced
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Fig. 13. PDF of MIDR at different times: ¢ = 15s, 21s and 29s.

variation in input excitations.

The PDFs of MIDR of several different floors (1st, 3rd, 6th and top floor) and the whole frame
structure are shown in Figure 14(a). It is observed that the mean of MIDR increases along with
larger dispersion, from the top to the bottom floor. This is expected considering the increase of
shear force from the top floor to the base. The MIDR PDF of the first floor almost overlaps with
that of the whole structure, which indicates that the maximum inter-story drift happens at first
floor. From the probabilistic distribution of MIDR, exceeding probability P(EDP > z|I') can be
obtained. Combining exceeding probability and scenario rate, EDP hazard of MIDR is calculated
using Equation 6 and is shown in Figure 14(b). It can be seen that the demand of MIDR is
dominantly controlled by lower floors, e.g., the 1st and 3rd floor.

In addition to PDFs of MIDR, PDFs of PFA for different floors and the whole frame structure
are developed and shown in Figure 15(a). The distributions of PFA of the 1st, 3rd and 6th floor
are close to each other, while the PFA of the top floor shows larger mean and variability. The PFA
distribution of the top floor is very close to that of the whole structure, which indicates the top floor

tends to experience the maximum acceleration. EDP hazard of PFA is shown in Figure 15 (b). The

demand of PFA is dominantly controlled by the top floor.
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Fig. 15. PDF and annual exceedance rate of PFA of different stories and the whole frame structure.

By assuming that damage measure (DM) is a step function of EDP, seismic risk for damage
states using different levels of MIDR and PFA exceedance can be directly determined from the
EDP hazard curve. As shown in Table 6, seismic risk for MIDR> 1% is 3.83 x 1073 and the risk
for PFA> 1m/s? is 1.92 x 1072.

As noted earlier, complete probabilistic structural response, including both marginal distribution
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TABLE 6. Seismic risk of damage state for different levels of MIDR and PFA exceedance.

MIDR>0.5% MIDR>1% MIDR>2% PFA>0.5m/s> PFA>1m/s?> PFA>1.5m/s?
6.66x1073 3.83x1073  9.97x10° 6.65x1073 1.92x1073 9.45x107>

and correlation information, is contained in PC coefficients, any other EDP or other DM defined
on multiple EDPs can also be developed with little additional effort. Figure 16 shows the 2D joint
PDF, f(MIDR, PFA|T") of two EDPs, MIDR and PFA, evaluated from the PC-based surrogate

model of probabilistic structure response. It can be observed that in this case MIDR and PFA are

2
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Fig. 16. 2D joint PDF of MIDR and PFA of the whole shear frame structure.

positively correlated. The correlation coefficient is 0.64.
For damage measure (DM) defined on multiple EDPs, for example, DM : {MIDR > z; vV PFA >

20}, seismic risk can be evaluated as:

AMIDR > z; VPFA > 25) = EJ f(MIDR, PFA|T) d2 (63)
9

where A is the annual occurrence rate of seismic scenario that would induce ground motion
population I', while & is the integral domain (MIDR, PFA) € [z;, +o0] [z, +o0] according to the

definition of damage measure.
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Using such approach, seismic risk for damage state DM defined for either MIDR greater than
1% or PFA greater than 1m/s> (i.e., DM : {MIDR > 1% Vv PFA > 1m/s?}), can be calculated
as 4.20 x 1073, while the risk for damage state defined for both MIDR greater than 1% and PFA
greater than 1m/s? (i.e., DM : {MIDR > 1% A PFA > Im/s?}) is 60% less, equal to 1.71 x 1073,
Both of these risk values based on joint EDPs are rather different from the ones calculated using

single EDP.

4 CONCLUSIONS

A time domain intrusive probabilistic seismic risk analysis framework for performance based
earthquake engineering was described in some detail. Methodology to simulate non-stationary
stochastic seismic motions was presented. The presented methodology is directly compatible
with state-of-the-art seismic source characterization. Different source, path and site factors are
explicitly accounted for in the stochastic modeling of Fourier amplitude spectrum and Fourier phase
derivative. Both uncertain seismic motions and uncertain structural parameters are characterized
as random process/field and represented with Hermite polynomial chaos (PC) Karhunen-Loeve
(KL) expansion. Direct polynomial chaos based Galerkin intrusive modeling of 1D elastic-plastic
response was formulated and applied to simulate the uncertain hysteretic behavior of restoring force
versus inter-story drift for shear frame structure. Formulations for random stiffness polynomial
chaos coefficients were derived and incorporated into stochastic Galerkin elastic-plastic finite
element method.

Using developed stochastic elastic-plastic finite element method, probabilistic dynamic response
of uncertain structural system driven by uncertain motions is intrusively solved. Following that,
seismic risk for damage measure defined on single or multiple engineering demand parameter(s)
was calculated. The proposed framework is illustrated within seismic risk analysis of an eight-story
shear frame structure excited by uncertain strike-slip fault earthquakes.

Presented new framework avoids the drawbacks of choosing and using intensity measure(s).
All the seismic motion characteristics and their uncertainties, for example, uncertain peak ground

acceleration (PGA), spectrum acceleration (Sa) and others, are captured by random process mo-
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tions and directly propagated into uncertain structural system. Development of ground motion
prediction equations (GMPEs) for potentially new intensity measures (IMs) (e.g., Arias intensity
or cumulative absolute velocity) and repetitive Monte Carlo fragility simulations are circumvented.
Though most of current seismic risk analyses are performed for damage measure defined on single
engineering demand parameter, presented framework can also handle joint engineering demand
parameters/failure criteria without much additional effort. It is found that, for different damage
measure defined on joint engineering demand parameters, corresponding seismic risk significantly
varies and is rather different from the risk value for single engineering demand parameter. There-
fore, considering damage measure based on joint engineering demand parameters can be of great
interest in seismic risk analysis. Future work will focus on accuracy and efficiency comparison
between the proposed framework and existing intensity measure based, non-intrusive seismic risk

analysis and also applying the proposed framework to more realistic engineering structures.
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