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Abstract

Presented is an application of wave potential formulation (WPF) together

with domain reduction method (DRM) to modeling earthquake soil structure

interaction (ESSI) behavior in horizontally layered ground under inclined

incident seismic waves. Wave potential formulation is used to develop a

spatially varying, inclined seismic wave field from incident Primary (P) and

Secondary (S) waves that propagate through layered ground. Developed seis-

mic wave field is then used to develop effective forces for Domain Reduction

Method that are then used for analyzing ESSI response of a soil structure

system. Developed methodology, called WPF-DRM, is verified using ana-

lytic solution for a free field response of layered ground subjected to inclined

incident waves.

Developed WPF-DRM methodology is illustrated through analysis of an

ESSI response of a deeply embedded structure, a small modular reactor

(SMR) subjected to incident S wave polarized in vertical plane (SV) with

variation in inclinations and frequencies. Presented example highlights the
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influences of incident wave inclination and frequency on ESSI response of a

deeply embedded structure.

Keywords: earthquake soil structure interaction, deeply embedded

structure, inclined incident P/SV/SH waves, layered ground, small modular

reactor
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1. Introduction14

It has been recognized that during earthquakes, inclined body waves and15

surface waves have significant influence on a dynamic response of soil struc-16

ture interaction (SSI) systems [1–5]. For example, incident secondary (S)17

waves, where soil/rock particles move in horizontal plane (SH), can cause18

torsional response of structures, Similarly, incident primary (P) and sec-19

ondary (S) waves, where particles move in vertical plane (SV), can produce20

amplified rocking of structures, especially in near-fault regions and for struc-21

tures with large-plan dimensions or multiple supports [6]. Earthquake Soil22

Structure Interaction (ESSI) response due to inclined incident seismic waves23

(i.e., P, SH and SV waves) is of significant interest in earthquake engineering.24

The Earthquake Soil Structure Interaction problem has been studied for25

a long time. Early work was focused on dividing an SSI problem into sim-26

pler problems that were manageable with available methodology and tools.27

Substructure method [7] was established to decompose the SSI problem into28

three sub-problems:29

• Free field seismic motion30

• Foundation input motion, i.e. foundation wave scattering and impedance31

function, and32

• Superstructure dynamic response33

Luco and Wong [8] studied dynamic response of SSI system under non-34

vertically incident SH wave. SSI responses excited by in-plane wave (P, SV35

and Rayleigh waves) were presented by Todorovska and Trifunac [9], Todor-36

ovska [10]. Effects of site dynamic characteristics on SSI were systematically37

investigated by Liang et al. [11, 12] for incident P, SV and SH waves.38
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Due to the limitation of substructure method and the complexity of SSI39

problem, simplifications have been commonly made in many studies. For40

example, underground is usually simplified as homogeneous half space or41

a single homogeneous soil layer above the bedrock. Rigid foundation with42

specific shape is typically assumed, in order to calculate impedance functions43

and wave scattering. This assumption could lead to excessive scattering of44

incident wave energy and underestimated structural response [12].45

With increase in computer power, direct simulation of dynamic SSI using46

finite element method (FEM), finite difference method (FDM) and boundary47

element method (BEM) becomes feasible. Stamos and Beskos [13] studied48

dynamic response of infinitely long tunnels in elastic or viscoelastic half-49

space under incident seismic waves by a special direct BEM. Translational,50

torsional and rocking response of a building SSI system excited by plane P,51

SV and SH wave using FDM was recently studied by Gičev et al. [6], Gičev52

et al. [14], Gičev et al. [15].53

For direct simulation of SSI, effective input of inclined incident seismic54

waves is of great importance. Many artificial boundary types have been de-55

veloped by approximating the radiation condition at the finite boundaries56

of SSI system [7, 16–18]. Using developed viscous-spring artificial boundary,57

various SSI and rock-structure interaction (RSI) systems excited by inclined58

incident plane waves, such as tunnels [19, 20], powerhouse [21] and under-59

ground large scale frame structure (ULSFS) [22] were analyzed. In these60

previous studies, inclined plane waves are generally assumed to occur in ho-61

mogeneous ground. The only wave reflection and refraction is considered at62

the ground surface, while multiple layers, usually present in realistic geologi-63

cal settings, were not considered. It is noted that modeling and simulation of64

inclined wave propagation in layered ground is more complicated because of65

5



multiple reflection, refraction, reverberation and interference at both layer in-66

terfaces and ground surface. Of interest is modeling and simulation of deeply67

embedded structures, that extend over multiple soil layers in depth. Inclined68

seismic wave field, propagating through a number of layers, will interact69

with the embedded structure. Embedement and stiffness of the structure70

will modify the seismic wave field. This effect is usually called the kinematic71

interaction, and applies for linear elastic SSI analysis, where kinematic and72

inertial interaction effects can be separated, superimposed [23].73

Presented is a methodology developed to investigate influence of inclined74

body and surface seismic wave on linear or nonlinear earthquake soil struc-75

ture interaction (ESSI) behavior of soil-structure systems. Methodology is76

based on Wave Potential Formulation (WPF) [24, 25] as well as Domain77

Reduction Method (DRM) [26]. Paper is organized as follows: Brief pre-78

sentation of Wave Potential Formulation and Domain Reduction Method is79

given in section 2. Combined Wave Potential Formulation and Domain Re-80

duction Method (WPF-DRM) is then verified, with select results presented81

in section 3.1. Following that, dynamic response of a deeply embedded small82

modular reactor (SMR) under inclined incident SV wave at different frequen-83

cies and inclinations is analyzed and presented in sections 3.2, 3.3 and 3.4.84

Findings are summarized in section 4.85

2. Wave Potential Formulation – Domain Reduction Method86

Presented WPF-DRM methodology consists of three main steps:87

1. Analytic development of free field ground motions for a layered half88

space, excited by an incident, inclined plane wave. Development of this89

seismic wave field is relying on wave potential formulation in frequency-90
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wave number domain. Time domain spatially varying ground motions91

are then synthesized through inverse Fourier transformation.92

2. Development of the Effective Earthquake Forces, from DRM formula-93

tion, is then performed using free field seismic motions developed in94

the previous step.95

3. Earthquake Soil Structure Interaction (ESSI) analysis of the soil-structure96

system is then performed using effective earthquake forces that are ap-97

plied to a single layer of finite elements surrounding soil-structure sys-98

tem, so called DRM layer. The only waves that are radiated from the99

soil-structure system and exit the DRM layer are due to oscillations of100

the structure. These outgoing waves are absorbed by damping layers.101

Sections 2.1 and 2.2 below provide details of Wave Potential Formulation102

and Domain Reduction Method, respectively.103

2.1. Wave Potential Formulation for Inclined Incident Waves in Layered104

Media105

Considered is an inclined wave that propagates in the layered ground, as106

shown in Figure 1. There are n layers, with layer thickness dm, density ρm,107

compressional wave velocity αm and shear wave velocity βm (m = 1, 2, .., n).108

Focus of presented development is on inclined P and SV waves, and mode109

conversion between them at layer boundaries. Propagation of SH wave is110

simpler as there is no mode conversion, so these waves are left out of presented111

considerations. It is noted that the wave potential formulation presented112

below is general and also applicable to incident SH wave [25].113

Without loss of generality, incident waves is considered to be monochro-114

matic, single frequency, with angular frequency w and horizontal phase veloc-115
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Figure 1: Layered ground and free field inclined seismic motions.

ity c. For incident waves with arbitrary time signal and multiple frequencies,116

free field motions can be Fourier synthesized from the monochromatic solu-117

tions.118

According to Helmholtz decomposition theorem [27], the displacement119

from wave propagation modeled using Equation (1), for linear elastic material120

with Lamé constants λ and µ, can be expressed with P wave scalar potential121

φ and S wave vector potential Ψ.122

ρui,tt = µui,jj + (λ+ µ)µj,ij (1)

This is shown in Equation 2, where φ is the curl free part corresponding123

to volumetric deformation and Ψ is divergence free part corresponding to124

deviatoric deformation. eijk is Levi-Civita permutation symbol [27].125

ui = φ,i + Ψk,jeijk (2)

8



Using this approach, the unknown displacements for the mth layer are126

simplified into incident P wave potential magnitude φ
′
m, reflected P wave127

potential magnitude φ
′′
m, incident SV wave potential magnitude Ψ

′
m and128

reflected SV wave potential magnitude Ψ
′′
m, as shown in Equation 3.129

φm = [φ
′

me
ik(x−γαmz) + φ

′′

me
ik(x+γαmz)]e−iwt

Ψm = [Ψ
′

me
ik(x−γβmz) + Ψ

′′

me
ik(x+γβmz)]e−iwt

(3)

In Equation 3, the horizontal wave number k is defined as k = w/c. The130

harmonic nature of the potential field is characterized by the time factor131

e−iwt. The incident and reflected angles for P and SV wave are equal to132

arccotγαm and arccotγβm , where γαm and γβm are given in Equation 4.133

γαm =


√

(c/αm)2 − 1 αm ≤ c

−i
√

1− (c/αm)2 αm > c

γβm =


√

(c/βm)2 − 1 βm ≤ c

−i
√

1− (c/βm)2 βm > c

(4)

Note that when compressional wave velocity αm and/or shear wave ve-134

locity βm are greater than the horizontal phase velocity c, the incidence from135

P or SV wave is beyond the critical angle. In that case, the incident and136

reflected angles for P and SV wave, γαm and γβm become complex num-137

bers. The plane wave magnitude exponentially decays along the depth. To138

be consistent with the original formulation by Haskell [25], dilatational wave139

solution ∆m and rotational wave solution ωm are first introduced through140

Equation (5).141

∆ =
∂ux
∂x

+
∂uz
∂z

ω =
1

2
(
∂ux
∂z
− ∂uz

∂x
)

(5)
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where P wave potential magnitude φm and SV wave potential magnitude142

Ψm of m-th layer are related to dilatational wave solution ∆m and rotational143

wave solution ωm through:144

φm = −(
αm
w

)2∆m

Ψm = 2(
βm
w

)2ωm

(6)

The displacements (ux, uy) and interfacial stresses (σzz, τzx) can be ex-

pressed using wave potential magnitudes φ and Ψ, through Equations (2) -

(6). Similarly, the displacement and stress field of mth layer can be calculated

from the dilatational wave and rotational wave solutions ∆m and ωm as

ux = {−ik(
αm
ω

)2[(∆
′

m + ∆
′′

m)cos(kγαmz)− i(∆′

m −∆
′′

m)sin(kγαmz)]

+2ikγβm(
βm
ω

)2[(ω
′

m − ω
′′

m)cos(kγβmz) + i(ω
′′

m + ω
′

m)sin(kγβmz)]}eikx
(7)

uz = {ikγαm(
αm
ω

)2[(∆
′

m −∆
′′

m)cos(kγαmz)− i(∆′′

m + ∆
′

m)sin(kγαmz)]

+2ik(
βm
ω

)2[(ω
′

m + ω
′′

m)cos(kγβmz)− i(ω′

m − ω
′

m)sin(kγβmz)]}eikx
(8)

σzz = ρm{α2
m(1− 2

β2
m

c2
)[(∆

′

m + ∆
′′

m)cos(kγαmz)− i(∆′

m −∆
′′

m)sin(kγαmz)]

+4
β4
m

c2
γβm [(ω

′

m − ω
′′

m)cos(kγβmz)− i(ω′

m + ω
′′

m)sin(kγβmz)]}eikx (9)

τzx = 2ρmβ
2
m{−γαm(

αm
c

)2[(∆
′

m −∆
′′

m)cos(kγαmz)− i(∆′′

m + ∆
′

m)sin(kγαmz)]

+[1− 2(
βm
c

)2][(ω
′

m + ω
′′

m)cos(kγβmz)− i(ω′

m − ω
′′

m)sin(kγβmz)]}eikx(10)

Define the displacement and stress solutions at mth interface as column145

vector S(m):146
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S(m) = [u̇x(zm = dm)/c, u̇z(zm = dm)/c, σzz(zm = dm), τzx(zm = dm)]T (11)

Then Equations (7) - (10) can be reduced to the following matrix nota-147

tions [25]:148

S(m−1) = Em[∆
′′

m + ∆
′

m,∆
′′

m −∆
′

m, ω
′′

m − ω
′

m, ω
′′

m + ω
′

m]T (12)

S(m) = Dm[∆
′′

m + ∆
′

m,∆
′′

m −∆
′

m, ω
′′

m − ω
′

m, ω
′′

m + ω
′

m]T (13)

where transformation matrix Em and Dm are given as:149

Em =


−(αm/c)

2 0 −θmγβm 0

0 −(αm/c)
2γαm 0 γm

−ρmα2
m(θm − 1) 0 −ρmc2θ2

mγβm 0

0 ρmα
2
mθmγαm 0 −ρmc2θm(θm − 1)

 (14)

with θm = 2(βm/c)
2.150

Dm =


−(αm/c)

2cosAm i(αm/c)
2sinAm −θmγβmcosBm iθmγβmsinBm

i(αm/c)
2γαmsinAm −(αm/c)

2γαmcosAm −iθmsinBm θmcosBm

−ρmα2
m(θm − 1)cosAm iρmα

2
m(γm − 1)sinAm −ρmc2θ2

mγβmcosBm iρmc
2θ2
mγβmsinBm

−iρmα2
mθmγαmsinAm ρmα

2
mθmγαmcosAm iρmc

2θm(θm − 1)sinBm −ρmc2θm(θm − 1)cosBm

 (15)

with Am = kγαmdm and Bm = kγβmdm.151

The recurrence relation between S(m) and S(m−1) then can be established152

as shown in Equation 16, where it was used that Gm = DmE−1
m .153

S(m) = DmE−1
m S(m−1) = GmS

(m−1) (16)
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Recursively applying Equation 16 leads to Equation 17. Using the rela-

tion between displacement, stress response at (m− 1)th interface S(m−1) and

dilatational, rotational wave solutions ∆m, ωm, Eq. 18 bridges the gap be-

tween the upper boundary (i.e., response at ground surface S(0)) and lower

boundary (i.e., solutions of wave incident layer ∆n and ωn), upon which

specific boundary conditions can be imposed.

S(n−1) =
n−1∏
i=1

GiS
(0) (17)

S(0) = L[∆
′′

n + ∆
′

n,∆
′′

n −∆
′

n, ω
′′

n − ω
′

n, ω
′′

n + ω
′

n]T

L = (
n−1∏
i=1

Gi)
−1En

(18)

The following boundary conditions are incorporated:154

1. At nth layer, the incident in-plane P and SV wave potential magnitude155

φ
′
n and Ψ

′
n are given as K1 and K2;156

2. At the ground surface (z = 0), the traction is free, i.e., the third and157

fourth component of surface response vector S(0) are 0.158

Therefore, the reflected dilatational wave magnitude and rotational wave159

magnitude can be solved using Equation 19, where ∆
′
n is −K1ω

2/α2
n and ω

′
n160

is K2w
2/(2β2

n).161 ∆
′′
n

ω
′′
n

 =

L31 + L32 L33 + L34

L41 + L42 L43 + L44

−1 (L32 − L31)∆
′
n + (L33 − L34)ω

′
n

(L42 − L41)∆
′
n + (L43 − L44)ω

′
n

 (19)

Finally, recurrence relation, given by Equation 20162
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
∆

′′
m−1 + ∆

′
m−1

∆
′′
m−1 −∆

′
m−1

ω
′′
m−1 − ω

′
m−1

ω
′′
m−1 + ω

′
m−1

 = D−1
m−1Em


∆

′′
m + ∆

′
m

∆
′′
m −∆

′
m

ω
′′
m − ω

′
m

ω
′′
m + ω

′
m

 (20)

can be used to trace back dilatational wave magnitude ∆m and rotational163

wave magnitudes ωm for the rest n− 1 layers. Based on solution for dilata-164

tional and rotational magnitudes for each layer, the complete displacement165

and stress field can be easily computed, using Equations (7) - (10).166

In addition, viscosity can also be included with slight modification. Con-167

sidering Kelvin-Voight viscoelastic material [28], viscosity can be handled168

with complex Lamé modulus and wave velocities as shown in Eq. 21, where169

ξ is the damping ratio.170

G∗ = G(1 + 2ξi) β∗
m ' βm(1 + ξi) α∗

m ' αm(1 + ξi) (21)

2.2. Domain Reduction Method171

Domain Reduction Method (DRM) was originally developed for studying

local topography effects on seismic motions [26, 29], while earlier work [30, 31]

did note soil-structure interaction modeling as the ultimate goal. In the

context of DRM, engineering system is discretized using the finite element

method over interior domain Ω, within boundary Γ, containing local SSI sys-

tem and reduced exterior domain Ω+, outside of boundary Γ. The nodes of

the finite element model are then placed in three categories: interior nodes,

boundary nodes between domains Ω and Ω+, on the boundary Γ, and exte-

rior nodes in exterior domain Ω+. Corresponding nodal displacements are

denoted as ui, ub and ue, for interior, boundary and exterior nodes, respec-

tively. Boundary nodes and their connected exterior nodes form a single
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layer of elements, called DRM layer, surrounding the interior SSI domain.

The power of DRM lies in the analytical formulation of effective seismic forces

P eff , given by the Equation 22.

P eff =


P eff
i

P eff
b

P eff
e

 =


0

−MΩ+

be ü
0
e −KΩ+

be u
0
e

MΩ+

eb ü
0
b +KΩ+

eb u
0
b

 (22)

Effective seismic forces P eff represent a dynamically consistent replacement172

for seismic forces at the hypocenter. Effective seismic forces P eff are applied173

to the DRM layer, and produce the free field motions in a domain without174

local SSI system. The effective forces are developed from free field seismic175

motions, hence for free field finite element models, there are no seismic mo-176

tions leaving the system. When the structure is present, during SSI analysis177

the only outgoing motions are related to the radiation damping of structural178

motions.179

From Eq. 22, only free field motions (u0
e, u

0
b) at nodes of DRM layer and180

element mass and stiffness matrix (MΩ+

be , KΩ+

be ) of DRM layer are required to181

calculate effective forces P eff . Free field motions developed in the previous182

section are used in creation of the effective seismic forces as per Equation 22.183

Presented approach, using analytic solution for free field 3 component184

(3C) seismic motions, that feature both body and surface waves, is more185

efficient and straightforward than conventional substructure method. In ad-186

dition to free field motions, substructure method requires to solve foundation187

wave scattering and impedance function, both of which are challenging tasks.188

It is noted that very few specific shapes of foundation, e.g., circular and rect-189

angular shape, embedded in simplified ground conditions have been studied190

using sub-structuring method [8, 32–38]. For the presented approach, free191

field motions under inclined incident plane waves are solved using wave po-192
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tential formulation. Both wave scattering and dynamic SSI are automatically193

handled by the time domain FEM analysis that is dynamically loaded with194

DRM effective earthquake forces. In addition, developed Wave Potential195

Formulation – Domain Reduction Method (WPF-DRM) offers advantages196

for solving locally inhomogeneous and nonlinear SSI problems under inclined197

seismic excitations [39–41].198

3. Illustrative Examples199

Presented WPF-DRM method is implemented in the Real-ESSI Simula-200

tor [42]. Described examples and publicly available executables for the Real201

ESSI sequential and parallel programs are available through Real ESSI Simu-202

lator web site http://real-essi.info/. All numerical examples presented203

here are analyzed using Real-ESSI Simulator version 20.01, in parallel com-204

puting mode, on UC Davis and Amazon Web Services parallel computers.205

3.1. Free Field Modeling and Verification206

Free field response of layered ground excited by an inclined incident seis-207

mic wave is used to illustrate and verify developed methodology. Analytic so-208

lutions based on Thomson-Haskell propagation matrix technique [24, 25, 43]209

are used for verification.210

A finite element model for the free field, that is 300m wide and 200m211

deep, consisting of three layers, as described in Table 1, is used.212

It is noted that dimension of analyzed model is 300m × 200m, however213

there exist additional finite elements outside this domain, for the DRM layers,214

as well as additional higher Rayleigh damping layers outside to damp out any215

outgoing waves. It is also noted that theoretically there should be no waves216

propagating outside of the DRM layer for a free field response. Additional217

15

http://real-essi.info/


Table 1: Properties of layers: thickness d, density ρ, shear wave velocity Vs, compressional

wave velocity Vp and Poisson’s ratio ν.

Layer d [m] ρ [kg/m3] Vs [m/s] Vp [m/s] ν

1 50 2100 500 816.5 0.2

2 100 2300 750 1403.1 0.3

3 ∞ 2500 1000 2081.7 0.35

damping layers are added in order to accommodate further, non-free field218

model expansions and additions. Finite element size is set to 5m, and with219

10 finite elements per wave length, this mesh can accurately propagate waves220

of up to f = 10Hz, for surface soil with shear wave velocity of Vs = 500m/s2,221

as per Lysmer and Kuhlemeyer [16], Watanabe et al. [44].222

A number of monochromatic, single frequency plane SV wave, represented223

by a cosine function, with variable inclinations θ = 10o, 45o, 60o, 80o and vari-224

able frequencies, f = 1.0, 2.5, 5.0, 10.0Hz, are applied to the layered ground225

model using developed methodology. It is noted that inclination angle θ226

is measured between a wave propagation direction vector and vertical axes.227

The incident SV wave magnitude from the depth is 0.06m and is kept the228

same for all the analyzed cases. Free field motions are developed and intro-229

duced into the model through WPF-DRM. Figure 2 shows snapshots of wave230

displacements in the model, for a wave frequency of f = 5Hz, for different231

input plane wave inclinations, θ = 10o, 45o, 60o, 80o.232

Figure 3 shows snapshots of wave displacements in the model, for a wave233

that is inclined at θ = 60o, for variable input plane wave frequencies f =234

1.0, 2.5, 5.0, 10.0Hz.235

Few notes are in order upon visual inspection of results in Figures 2 and236

3.237
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(a) f = 5Hz θ = 10o (b) f = 5Hz θ = 45o

(c) f = 5Hz θ = 60o (d) f = 5Hz θ = 80o

Figure 2: Displacement magnitudes for a free field response under incident SV wave,

frequency f = 5Hz, with different incident wave inclinations: (a) θ = 10◦ (b) θ = 45◦ (c)

θ = 60◦ (d) incident angle θ = 80◦.
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(a) f = 1Hz θ = 60o (b) f = 2.5Hz θ = 60o

(c) f = 5Hz θ = 60o (d) f = 10Hz θ = 60o

Figure 3: Displacement magnitudes for a free field response under incident SV wave at

an angle of θ = 60o, with different frequencies: (a) f = 1.0Hz (b) f = 2.5Hz (c) f = 5.0Hz

(d) f = 10.0Hz.
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The outgoing waves in exterior region, outside DRM layer, are negligibly238

small, almost zero for all the cases. This is indeed expected, as it follows239

from the theory of the domain reduction method [26, 29], whereby the so240

called residual field (we) should be non-existent for free field motions, that241

were used to develop effective DRM forces.242

Comparing free field responses for SV wave with different incident angles,243

Figure 2, the θ = 10◦ case behaves very similar to 1D vertically propagat-244

ing motion field that is commonly used in engineering practice. It is noted,245

however that there are still vertical motions at the surface due to such al-246

most vertical SV wave interacting with the free surface. For cases where247

wave inclination is more significant, for θ = 45◦ and θ = 60◦, significant sur-248

face motions are observed, with pronounced vertical and horizontal motions.249

When the incident wave inclination is θ = 80◦, seismic wave propagates al-250

most horizontally without generating significant surface motions. It is also251

noted that the displacement magnitude of the seismic wave field for wave252

inclination case θ = 80◦ is much smaller than for the other cases. This is253

reasonable considering the site amplification for other free field cases comes,254

in part, from the impedance contrast of vertical wave propagation.255

Results, snapshots of displacement field magnitudes for wave fields of256

different frequencies are shown in Figure 3 for seismic motion inclined SV257

wave field at θ = 60◦. It is noted that layer boundaries, impedance con-258

trasts, are at −50m, and at −150m. Those layer boundaries can be visually259

identified from distribution of waves through model depth with positive and260

negative interference reflected and refracted waves within different layers of261

the domain.262

Figures 4 and 5 compare simulated free field horizontal and vertical dis-263

placement magnitudes against corresponding analytical solutions along the264
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depth. It is noted that acceleration magnitudes can be obtained by multi-
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(d) f = 5Hz θ = 80o

Figure 4: Verification of free field modeling under incident SV wave with different incident

angles θ: (a) θ = 10◦, (b) θ = 45◦, (c) θ = 60◦ (d) θ = 80◦.

265

plying displacement magnitudes with w2.266

Very good agreement is observed between results given by WPF-DRM267

simulation and analytical solutions. Several interesting observations can also268

be made:269
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Figure 5: Verification of free field modeling under incident SV wave with different fre-

quencies f : (a) f = 1.0Hz, (b) f = 2.5Hz, (c) f = 5.0Hz, (d) f = 10.0Hz.
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1. Along with the increase in frequencies, the vertical wave length becomes270

shorter, and that results in more wave interferences along the depth.271

2. The existence of layers and interfaces at z = −50m and z = −150m272

complicates the spatial variation of wave field along the depth, espe-273

cially for higher frequencies, f = 5Hz and 10Hz. The response curves274

at depths 0 ∼ 50m and 50 ∼ 150m are quite different in both amplitude275

and variation pattern.276

3. From Fig. 4, it can be seen that inclination angle of input SV wave also277

plays a crucial role in the interference characteristic of inclined wave278

field. Periodic peaks and troughs shown in the case of 10◦ inclination279

are typical interference characteristics of 1D homogeneous, vertically280

propagating wave field. However, the interference characteristics given281

by other wave inclinations show significant differences. These different282

variation patterns along the depth, that might not make much differ-283

ence for shallow founded surface structures, can result in very different284

seismic response for deeply embedded structures.285

3.2. Deeply Embedded Soil-Structure Model286

Deeply embedded structural model, a model of a Small Modular Reactor287

(SMR) is analyzed and used to illustrate developed methodology. The FEM288

model of an SMR structure embedded in layered ground is shown in Fig-289

ure 6(a). The embedment depth is 36m, while the height of SMR structure290

above ground is 14m. Eleven representative points, point A to point K in291

Figure 6(b), are selected to monitor the dynamic response of SMR. The lay-292

ered ground parameters are the same as those used in free field study given293

in Table 1.294
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Figure 6: FEM model of embedded SMR and representative points.
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To proper model wave propagation, the finite element size and time step

should be carefully controlled to reduce discretization errors. For linear dis-

placement approximation within finite element, in this case eight-node brick

elements, at least 10 nodes per wavelength should be used [44]. The time step

length ∆t is limited by Courant-Friedrichs-Lewy condition [45] for stability.

In addition, following requirement needs to be met to accurately capture the

propagation of wave front [46], where ∆h is the mesh size and v is the highest

wave velocity.

∆t <
∆h

v
(23)

In this study, eight-node brick element with 4m mesh size is used for295

spatial discretization. The maximum frequency the model can propagate is296

about 12.5Hz considering the minimum elastic shear wave velocity 500m/s.297

Time step is chosen as ∆t = 0.005s. Newmark time integration method New-298

mark [47] is used, with small amount of numerical, algorithmic damping that299

is used to damp out unrealistic high frequency responses introduced by spa-300

tial discretization Argyris and Mlejnek [48]. Gradually increasing Rayleigh301

damping (7%, 15% and 30%) is assigned to the inner, middle and exterior302

part of the absorbing layers, outside of the DRM layer, to prevent reflection303

of radiated outgoing waves [46, 49].304

3.3. SMR Excited with Inclined SV Waves305

Deeply embedded SMR structure is excited with inclined plane waves, at306

inclination angles of θ = 10◦, 45◦, 60◦ and 80◦. Seismic wave frequency used307

for this set of numerical test was set at f = 5Hz. As described in table 1 on308

page 16, shear wave velocities of top 50m layer is Vs = 500m/s while the lower309

layer is 100m think and has a shear wave velocoty of Vs = 750m/s. Due to310

presence of layers, seismic wave field close to the surface is made up Rayleigh311
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and Stoneley waves [50, 51]. It might thus be difficult to separate influence312

of these different surface waves the response of the SMR. For example, in313

Figure 2 on page 17, that shows displacement magnitudes at certain time,314

for different inclination of incident plane wave, Stoneley wave is apparent315

close to depth of 50m. In addition, Rayleigh wave is also apparent close to316

free field surface. Those wave fields, when applied to the SMR SSI system,317

produce response, at location of point A1 on SMR structure, as shown in318

Figures 7 and 8.319

It is noted that corresponding free field motions at the same location are320

also plotted for comparison. Variations of displacement magnitudes caused321

by different inclinations of incident SV wave are quite noticeable for vertical322

displacements and accelerations, while influence on horizontal displacements323

and accelerations is less severe. The reduction of vertical displacement and324

accelerations that is observed in all the four cases, is consistent with the325

concept of “base averaging”, “ironing out” of seismic motions by Housner326

[52]. The most significant reduction occurs for the case of incident wave at327

an angle θ = 45◦ while little reduction is seen in the case of θ = 80◦.328

The deformed shapes of SMR at t = 0.4s for four scenarios are shown in329

Figure 9. In the cases of seismic waves at inclinations θ = 45◦ and θ = 60◦,330

rocking responses of SMR are quite evident when compared with the cases331

of almost vertical wave propagation (θ = 10◦) and almost horizontal wave332

propagation (θ = 80◦).333

1Location of point A is in the middle of SMR structure, where center of the free field

model would be, please see Figure 6 on page 23.
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Figure 7: Displacement response of point A within embedded SMR, excited by an inclined

SV wave with f = 5Hz and different inclination angles, θ = 10◦, 45◦, 60◦ and 80◦: (a)

horizontal displacement (b) vertical displacement.26
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Figure 8: Acceleration response of point A within embedded SMR, excited by an inclined

SV wave with f = 5Hz and different inclination angles, θ = 10◦, 45◦, 60◦ and 80◦: (a)

horizontal acceleration (b) vertical acceleration.
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Figure 9: The deformed shapes of SMR at t = 0.4s for incident SV wave at different

inclinations θ = 10◦, 45◦, 60◦ and 80◦.
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3.4. SMR Excited with Variable Frequency Inclined SV Waves334

Keeping incidence angle constant, at θ = 60◦, dynamic responses of an335

SMR under different frequencies of SV wave (f = f = 1Hz, 2.5Hz, 5Hzand10Hz)336

is investigated next. Figures 10 and 11, show displacement and acceleration337

responses at point A of SMR model.338

It is noted that, again, free field response at the location of point A is339

also shown for comparison purposes. Significantly variation in displacement340

and acceleration responses are produced by incident SV wave at different fre-341

quencies. The largest horizontal displacement magnitude 0.30m is observed342

for the case of frequency of f = 2.5Hz while the smallest horizontal magni-343

tude of 0.047m for f = 1Hz. The vertical displacement responses varies from344

0.02m for f = 2.5Hz to 0.085m for f = 10Hz. SSI effects are almost negligi-345

ble in the case of f = 1Hz due to long horizontal wave length of 1154m. This346

observation follows similar observation made many years ago by Housner [52]347

for large stiff buildings. Both horizontal and vertical displacements of SMR348

overlap with corresponding free field response for f = 1Hz. Along with the349

increase of incident frequency, SSI effects become more significant, especially350

for the vertical components of displacement and acceleration. In the cases of351

f = 2.5Hz and f = 5Hz, horizontal response of SMR is still very close to its352

free field counterpart, for both displacements and accelerations, however the353

reduction of vertical response of SMR becomes more significant for frequency354

of f = 5Hz, For relatively high frequency of f = 10Hz, both horizontal and355

vertical response of SMR are significantly different from free field modeling356

in both displacements and accelerations.357

The spatial variation of displacements at the surface of free field model358

and at the same location within SMR model, along the horizontal line through359

SMR (i.e. x ∈ [−75m, 75m], y = 0m, z = 0m), at t = 3.5s are shown in Fig-360
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Figure 10: Displacement response of point A for scenarios with different frequencies of

incident SV wave: (a) Horizontal displacement (b) Vertical displacement.
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Figure 11: Acceleration response of point A for scenarios with different frequencies of

incident SV wave: (a) Horizontal acceleration (b) Vertical acceleration.
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ure 12. It is noted that SMR structure occupies space for x ∈ [−15m, 15m],361

where flat trace of displacements within a stiff structure is observed. The
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Figure 12: Spatial variation of displacement along the horizontal axis at t = 3.5s for

different incident wave frequencies (a) f= 1Hz (b) f= 2.5Hz (c) f= 5Hz (d) f= 10Hz.

362

base slab averaging is observed for higher frequency, shorter wave length363

cases of f = 5Hz and f = 10Hz, while it is almost negligible for incident364

waves at frequencies of f = 1Hz or f = 2.5Hz due to the wavelength being365

longer that object size for those low frequencies.366

Similar spatial variation of displacement along the transverse axis (i.e.367
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x = 0m, y ∈ [−75m, 75m], z = 0m) is shown in Figure 13. Since the inci-
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Figure 13: Spatial variation of displacement along the transverse axis at t = 3.5s for

different incident wave frequency (a) f= 1Hz (b) f= 2.5Hz (c) f= 5Hz (d) f= 10Hz.

368

dent SV wave propagates within the XZ plane, uniform distribution of both369

horizontal and vertical free field response along the transverse axis (Y axis)370

is expected and presented in Figure 13. However, the existence of SMR al-371

ters the original uniform distribution, and a wave field in this, out plane of372

polarization direction. Significant wave field disturbance effects can be ob-373

served within the structure part (y ∈ [−15m, 15m]) in the cases of medium374
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(f = 5Hz) to high frequency (f = 10Hz). In other words, 3C dynamic re-375

sponse of soils surrounding the structure has been induced from 2C excitation376

by an SV wave due to SSI and transverse wave field disturbance effects.377

Another important observation from Fig. 13(d) is that, although the378

reduction of displacement amplitude is observed within the structure, in lo-379

cations where y ∈ [−15m, 15m], near field motions close to the structure can380

be amplified, for example, motion within region y ∈ ±[25m, 50m] in this case.381

This implies that there are potentially significant structure-soil-structure dy-382

namic effects for closely spaced structures.383

The deformed shapes of SMR for four frequency scenarios at t = 0.3s with384

different frequencies are shown in Fig. 14. The aforementioned wave field

Figure 14: The deformed shapes of SMR at t = 0.3s for four scenarios.

385

disturbance effects are clearly visible for the low wave length, high frequency386
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case of f = 10Hz. The existence of local structure has significantly altered387

the near field seismic wave due to strong SSI effect, since wave lengths are388

shorter than the dominant dimension of the structure.389
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4. Summary390

Presented was Wave-Potential-Formulation (WPF) – Domain Reduction391

Method (DRM) approach, called WPF-DRM, for solving Earthquake Soil392

Structure Interaction (ESSI) problems in layered ground excited by inclined393

incident seismic waves. Developed WPF-DRM methodology removes a need394

for many simplifying assumptions that are used in ESSI analysis, for example395

rigid foundation and homogeneous ground assumption. In addition, difficul-396

ties of solving for foundation wave scattering and impedance function are397

also circumvented. Most importantly, developed WPF-DRM method can be398

used with nonlinear, inelastic soil, interface and structural material behavior.399

WPF-DRM is verified through recoverability test (i.e., resumption behavior)400

of free field motions in a layered ground under incident SV waves.401

Application of WPF-DRM is illustrated by analyzing a problems of an402

ESSI response of a deeply embedded structure, a small modular reactor403

(SMR). Focus was on analyzing influence of a number of differently inclined404

plane waves and a number of different wave frequencies, wave lengths. It405

is noted that free field responses for incident SV waves of varying frequen-406

cies and inclinations show significant differences between free field and SSI.407

For free field response, surface rolling movement pattern, Rayleigh waves are408

captured. This is different from typically assumed, vertically propagating409

wave field, and differences in SSI behavior are quite significant especially for410

medium and high frequency inclined incident wave. For sensitivity study,411

a monochromatic SSI response of SMR under incident SV wave with dif-412

ferent frequencies and inclinations is analyzed. It is found that SSI effects413

are more prominent considering seismic motions with non-vertical incidence414

and relatively high frequency, low wave lengths. The vertical structural re-415

sponse is significantly influenced by the inclinations of incident wave. The416
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vertical structure response can vary by a factor of 7 for different inclinations.417

Compared with almost vertical wave field (θ = 10◦ inclination) and almost418

horizontal wave field (θ = 80◦ inclination), more significant structural rock-419

ing response is observed in the cases of inclination θ = 45◦ and θ = 60◦. The420

structural response is almost identical to corresponding free field motion in421

the case of low frequency f = 1Hz and long wavelength 1155m. As the fre-422

quency increases, structural response is different from free field counterpart423

because of “base averaging” of “ironing out” effects. This is particularly sig-424

nificant for high frequency incident wave (f = 10Hz) where wavelength is425

comparable to structural dimension, with observation of significant reduction426

in structural response. Observed are also wave field disturbance effects in the427

sense that near field motion is notably altered by the existence of embedded428

structure, for example, in the case of f = 10Hz. Presented examples provide429

evidence of significance of modeling uncertainties that are introduced by the430

assumption of uniform, vertically propagating wave field.431
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[14] Vlado Gičev, Mihailo D. Trifunac, and Neboǰsa Orbović. Two-479
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