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r
th
e
a
ccep

ted
p
level

p
erfo

rm
a
n
itera

tiv
e
a
n
a
ly
sis

fo
r
th
e
ela

sto
{
p
la
stic

co
m
p
u
ta
tio

n
s.

T
h
e
a
ctu

a
l
a
lg
o
rith

m
,
ca
lled

d
irect

itera
tio

n
,

is
d
escrib

ed
in

m
o
re

d
eta

il
b
elow

(cf.
[1
2]).

1
.
C
o
m
p
u
te

��
in

ea
ch

G
a
u
ss

p
o
in
t
(fro

m
th
e
ela

stic
so
lu
tio

n
)
a
n
d
set

th
e
�
rst

itera
tive

e�
ective

stra
in

��
[1
]
:=

��
e.

2
.
U
sin

g
��
[k
],
co
m
p
u
te

th
e
seca

n
t
m
o
d
u
lu
s
E

[k
]

s
fo
r
ea
ch

G
a
u
ss

p
o
in
t
fro

m
th
e

e�
ectiv

e
stress

{
e�
ective

stra
in

cu
rve

(F
ig
u
re

1
).

3
.
In

ea
ch

G
a
u
ss
p
o
in
t
fo
r
w
h
ich

��
[k
]
>
��
y
ie
ld ,

d
eterm

in
e
th
e
ela

stic-p
la
stic

m
a
te-

ria
l
sti�

n
ess

m
a
trix

.
O
b
ta
in

a
n
ew

�
n
ite

elem
en
t
so
lu
tio

n
u
[k
+
1
]

F
E

.

4
.
U
sin

g
E

[k
]

s
a
n
d
u
[k
+
1
]

F
E

,
co
m
p
u
te

th
e
stress

ten
so
r
co
m
p
o
n
en
ts

�
[k
+
1
]

ij
in

ea
ch

G
a
u
ss
p
o
in
t,
u
sin

g
th
e
to
ta
l
stra

in
co
m
p
u
ted

fro
m

u
[k
+
1
]

F
E

a
n
d
th
e
ela

stic-p
la
stic

m
a
teria

l
sti�

n
ess

m
a
trix

.
D
eterm

in
e
th
e
ela

stic
stra

in
s
fro

m
�
[k
+
1
]

ij
,
th
e
ela

stic

p
a
rt
o
f
th
e
m
a
teria

l
sti�

n
ess

m
a
trix

,
a
n
d
co
m
p
u
te

th
e
p
la
stic

stra
in

fro
m

(1
).

5
.
C
a
lcu

la
te
th
e
e�
ectiv

e
ela

stic
stra

in
��
e
[k
+
1
],
e�
ectiv

e
p
la
stic

stra
in
��
p
[k
+
1
],
a
n
d

to
ta
l
e�
ective

stra
in

�
[k
+
1
]:
T
h
e
itera

tio
n
s
sto

p
w
h
en

a
t
ea
ch

G
a
u
ss
p
o
in
t

����
[k
+
1
]
�

�
[k
] ���

�
[k
+
1
]

�
to
l

(8
)

w
h
ere

to
l
is
a
u
ser

p
rescrib

ed
to
lera

n
ce.

If,
o
n
th
e
o
th
er

h
a
n
d
,
th
e
to
lera

n
ce

criterio
n
is
n
o
t
m
et,

u
sin

g
�
[k
+
1
]
co
m
p
u
te

E
[k
]

s
,
in
crem

en
t
k
to

k
+
1
a
n
d
retu

rn

to
step

2
.

It
is
im

p
o
rta

n
t
to

n
o
te
th
a
t
in
th
is
a
lg
o
rith

m
th
ere

a
re
n
o
lo
a
d
in
crem

en
ts,

b
u
t
lo
a
d
is

ra
th
er

a
p
p
lied

in
o
n
e
step

.
T
h
is
sim

p
li�

ca
tio

n
is
p
o
ssib

le
fo
r
p
ro
p
o
rtio

n
a
l
lo
a
d
in
g
p
a
th
s,

w
h
ich

is
th
e
ca
se

in
th
e
ex
a
m
p
les

w
e
w
ill

b
e
ex
a
m
in
in
g
.
A
m
o
re

g
en
era

l
a
p
p
ro
a
ch

w
o
u
ld

b
e
to

u
se

th
e
in
crem

en
ta
l,

ow

th
eo
ry

o
f
p
la
sticity,

w
h
ich

w
ill

en
a
b
le
co
m
p
u
ta
tio

n
s
w
ith

g
en
era

l
lo
a
d
p
a
th
s.
F
o
r
th
e
p
u
rp
o
se
o
f
th
is
stu

d
y
w
e
u
se
a
sim

p
le
ela

stic{
p
la
stic

d
ev
ia
to
ric

m
o
d
el

w
ith

lin
ea
r
iso

tro
p
ic

h
a
rd
en
in
g
in

e�
ective

stress
{
e�
ective

stra
in

sp
a
ce.

T
h
e

n
u
m
erica

l
ex
a
m
p
les

p
resen

ted
in

S
ectio

n
4
w
ere

b
a
sed

o
n
th
e
d
irect

itera
tio

n
a
lg
o
rith

m

d
escrib

ed
a
b
ov
e.
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It
sh
o
u
ld

b
e
n
o
ted

th
a
t
la
rg
e
stra

in
s
o
ccu

r
in

co
n
tin

u
o
u
s
sh
ea
r
b
a
n
d
s.
T
h
eo
retica

lly

so
u
n
d
a
p
p
ro
a
ch

w
o
u
ld

b
e
to

u
se

la
rg
e
d
efo

rm
a
tio

n
p
o
stu

la
tes.

W
e
a
re

in
d
eed

w
o
rk
in
g

o
n
in
co
rp
o
ra
tin

g
recen

tly
d
ev
elo

p
ed

la
rg
e
d
efo

rm
a
tio

n
th
eo
ry

fo
r
g
eo
m
a
teria

ls
([4

])
in

o
u
r
p
{
versio

n
F
E
M

co
d
e.

3
T
h
e
m
o
d
e
l
p
r
o
b
le
m
s

3
.1

R
ig
id

in
d
e
n
t
a
t
io
n
o
f
a
p
la
n
e
s
t
r
a
in

s
o
lid

W
e
co
n
sid

er
a
sq
u
a
re

p
la
n
e
stra

in
so
lid

o
f
u
n
it
a
rea

w
ith

th
e
b
ilin

ea
r
m
a
teria

l
ch
a
ra
c-

teristics
E

=
3
�
1
0
7
k
N
=
m

2;
�
=

0
:3
;E

t
=

2
�
1
0
4
k
N
=
m

2;
�
y
ie
ld
=

3
�
1
0
4
k
N
=
m

2,

a
n
d
b
o
u
n
d
a
ry

co
n
d
itio

n
s
a
s
sh
ow

n
in

F
ig
u
re

2
(a
).

F
o
r
th
e
co
m
p
u
ta
tio

n
s
in

S
ectio

n
4
,

�
=
1
�
1
0
�
2,
ex
cep

t
fo
r
th
e
resu

lts
sh
ow

n
in

F
ig
u
re

6
.
T
h
is
k
in
d
o
f
d
ev
ia
to
ric

p
la
stic-

ity
p
ro
b
lem

s
is
u
su
a
lly

fo
u
n
d
in

fa
ilu

re
m
ech

a
n
ics

o
f
m
eta

ls
a
n
d
lo
ca
lly

u
n
d
ra
in
ed

so
ils

(clay
s),

a
m
o
n
g
o
th
ers.

[F
IG

U
R
E
2
A
B
O
U
T
H
E
R
E
]

W
e
ex
p
ect

(c.f.
[1
1
])
a
sh
ea
r
b
a
n
d
to

fo
rm

a
t
a
�
4
5
o
a
n
g
le,

em
a
n
a
tin

g
fro

m
th
e

p
o
in
t
(1
/
3
,
1
).

S
ch
rey

er
a
n
d
N
eilsen

[1
1
]
u
sed

a
n
ela

stic{
p
la
stic

so
ften

in
g
m
a
teria

l
in

o
rd
er
to

en
h
a
n
ce

th
e
sh
ea
r
b
a
n
d
fo
rm

a
tio

n
.
W
ith

a
so
ften

in
g
b
ra
n
ch

in
eq
u
iva

len
t
stress

{
eq
u
iva

len
t
stra

in
sp
a
ce,

th
e
lo
ca
lized

zo
n
e
is
n
a
rrow

er
sin

ce
th
e
m
a
teria

l
o
u
tsid

e
th
e

lo
ca
lized

zo
n
e
is
ela

stica
lly

u
n
lo
a
d
in
g
.
In

th
is
stu

d
y,
w
e
u
se

a
n
ela

stic{
p
la
stic

h
a
rd
en
in
g

m
a
teria

l
w
h
ich

y
ield

s
a
n
a
rrow

sh
ea
r
zo
n
e
ex
a
ctly

p
o
sitio

n
ed

a
s
ex
p
ected

.

T
h
e
d
esig

n
o
f
th
e
m
esh

fo
r
th
is
m
o
d
el
p
ro
b
lem

is
sh
ow

n
in

F
ig
u
re

2
(b
).

S
in
ce

w
e

ex
p
ect

th
e
(lin

ea
r)

so
lu
tio

n
to

h
ave

a
sin

g
u
la
rity

a
t
th
e
p
o
in
t
w
h
ere

th
e
d
isp

la
cem

en
t

lo
a
d
is
im

p
o
sed

,
w
e
u
se

a
n
o
n
-u
n
ifo
rm

b
u
t
�
x
ed

m
esh

w
ith

2
5
elem

en
ts.

T
h
e
e�
ect

o
f

h
av
in
g
m
o
re

elem
en
ts

n
ea
r
th
e
p
o
in
t
o
f
sin

g
u
la
rity

ca
n
b
e
seen

(a
n
d
ju
sti�

ed
)
th
ro
u
g
h

th
e
n
u
m
erica

l
resu

lts
in

th
e
n
ex
t
sectio

n
.

3
.2

S
lo
p
e
s
t
a
b
ilit

y
p
r
o
b
le
m

N
ex
t,
w
e
co
n
sid

er
a
slo

p
e
sta

b
ility

p
ro
b
lem

,
a
s
seen

in
F
ig
u
re

3
(a
).
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[F
IG

U
R
E
3
A
B
O
U
T
H
E
R
E
]

In
th
is
ca
se

a
steep

slo
p
e
in

overco
n
so
lid

a
ted

clay
is
lo
a
d
ed

in
d
isp

la
cem

en
t
co
n
tro

l

b
y
a
rig

id
in
d
en
ta
tio

n
.
W
e
ex
p
ect

a
lo
ca
lized

zo
n
e
o
f
sh
ea
r
d
efo

rm
a
tio

n
to

p
ro
p
a
g
a
te

fro
m
th
e
en
d
o
f
th
e
rig

id
v
ertica

l
in
d
en
ta
tio

n
lo
a
d
tow

a
rd

th
e
slo

p
e
su
rfa

ce.
T
h
e
b
ilin

ea
r

m
a
teria

l
ch
a
ra
cteristics

u
sed

fo
r
th
is

m
o
d
el

a
re

E
=

3
�
1
0
4
k
N
=
m

2;
�
=

0
:3
;E

t
=

2
�
1
0
1
k
N
=
m

2;
�
y
ie
ld
=

1
�
1
0
2
k
N
=
m

2,
a
n
d
th
e
b
o
u
n
d
a
ry

co
n
d
itio

n
s
a
re

a
s
sh
ow

n

in
F
ig
u
re

3
(a
).

It
is

im
p
o
rta

n
t
to

n
o
te

th
a
t
th
e
m
a
teria

l
is

sa
tu
ra
ted

clay
w
ith

low

p
erm

ea
b
ility,

w
h
ich

fo
r
a
rela

tively
fa
st
lo
a
d
in
g
,
ca
n
b
e
trea

ted
a
s
to
ta
lly

u
n
d
ra
in
ed

th
u
s

a
llow

in
g
th
e
u
se

o
f
d
ev
ia
to
ric

ela
sto

{
p
la
stic

m
a
teria

l
a
n
a
ly
sis.

A
s
in

th
e
p
rev

io
u
s
m
o
d
el,

w
e
a
g
a
in

u
se

a
n
o
n
-u
n
ifo
rm

m
esh

(w
ith

2
4
elem

en
ts)

to

ca
p
tu
re

th
e
sin

g
u
la
rity

p
resen

t
in

th
e
so
lu
tio

n
(see

F
ig
u
re

3
(b
)).

4
N
u
m
e
r
ic
a
l
R
e
s
u
lts

In
th
is
sectio

n
w
e
p
resen

t
th
e
resu

lts
o
f
n
u
m
erica

l
co
m
p
u
ta
tio

n
s
fo
r
th
e
p
ro
b
lem

s
d
e-

scrib
ed

in
S
ectio

n
3
.
T
h
e
p
ro
d
u
ct

p
o
ly
n
o
m
ia
l
sp
a
ce

w
a
s
u
sed

,
w
ith

p
va
ry
in
g
u
n
ifo
rm

ly

fro
m

1
to

8
over

a
ll
elem

en
ts
in

th
e
�
x
ed

m
esh

.

F
o
r
b
o
th

p
ro
b
lem

s
th
e
estim

a
ted

rela
tiv

e
erro

r
fo
r
th
e
lin

ea
r
so
lu
tio

n
,
m
ea
su
red

in

th
e
en
erg

y
n
o
rm

,
w
a
s
less

th
a
n
2
:5
%

fo
r
p
=
8
.
U
sin

g
th
e
so
lu
tio

n
o
f
th
e
lin

ea
r
p
ro
b
lem

(w
ith

p
=

8
)
a
s
o
u
r
in
itia

l
F
E
M

so
lu
tio

n
,
w
e
p
erfo

rm
ed

th
e
n
o
n
lin

ea
r
itera

tio
n
s
w
ith

a
llow

a
b
le
to
lera

n
ce

1
%
.
F
ig
u
re

4
sh
ow

s
th
e
co
n
to
u
r
p
lo
t
o
f
th
e
eq
u
iva

len
t
stra

in
��
fo
r

th
e
�
rst

p
ro
b
lem

.
A
s
ex
p
ected

,
see

e.g
.
[1
1],

a
lo
ca
lized

zo
n
e
o
f
d
efo

rm
a
tio

n
p
ro
p
a
g
a
tes

fro
m

th
e
sin

g
u
la
r
p
o
in
t
to

th
e
sid

e.

[F
IG

U
R
E
4
A
B
O
U
T
H
E
R
E
]

It
is
a
lso

w
o
rth

sh
ow

in
g
(see

F
ig
u
re

5
)
h
ow

th
e
in
crea

se
in

th
e
p
o
ly
n
o
m
ia
l
d
eg
ree,

a
�
ects

th
e
�
n
a
l
resu

lt.
N
o
te
th
a
t
a
s
p
in
crea

ses,
th
e
resu

lts
q
u
ick

ly
b
eco

m
e
m
o
re
a
ccu

ra
te

a
n
d
th
e
lo
ca
liza

tio
n
zo
n
e
b
eco

m
es

m
o
re

p
ro
n
o
u
n
ced

.
In

p
a
rticu

la
r,
o
n
ce

p
�
5
th
e
sh
ea
r

b
a
n
d
is
ca
p
tu
red

ex
trem

ely
w
ell

a
n
d
th
e
resu

lt
d
o
es

n
o
t
ch
a
n
g
e
sig

n
i�
ca
n
tly.

[F
IG

U
R
E
5
A
B
O
U
T
H
E
R
E
]

M
o
reov

er,
th
e
p
ro
g
ressio

n
o
f
th
e
p
la
stic,

lo
ca
lized

zo
n
e
a
s
th
e
a
p
p
lied

d
isp

la
cem

en
t

7
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�
ch
a
n
g
es

is
sh
ow

n
F
ig
u
re

6
.
It
sh
o
u
ld

b
e
m
en
tio

n
ed

th
a
t
th
is
p
ro
g
ressio

n
a
n
a
ly
sis

w
a
s

p
erfo

rm
ed

in
a
n
u
m
b
er

o
f
p
u
rely

itera
tiv

e
step

s.

[F
IG

U
R
E
6
A
B
O
U
T
H
E
R
E
]

T
h
e
issu

e
o
f
p
ro
p
er

m
esh

d
esig

n
is
illu

stra
ted

b
y
a
n
ex
a
m
p
le.

In
F
ig
u
re

7
w
e
sh
ow

a

3
b
y
3
a
n
d
a
1
2
b
y
1
2
u
n
ifo
rm

m
esh

fo
r
th
e
sa
m
e
m
o
d
el
p
ro
b
lem

.
T
h
e
�
rst

m
esh

la
ck
s

re�
n
em

en
t
a
n
d
th
e
lo
ca
lized

sh
ea
r
zo
n
e
is
a
rti�

cia
lly

cu
rved

.
T
h
e
seco

n
d
m
esh

is
�
n
er

b
u
t
is
still

n
o
t
p
ro
p
erly

d
esig

n
ed

a
n
d
th
e
sh
ea
r
zo
n
e
d
o
es
n
o
t
p
ro
p
a
g
a
te
a
s
ex
p
ected

.
W
e

sh
o
u
ld
m
en
tio

n
th
a
t
th
is
p
h
en
o
m
en
o
n
ca
n
b
e
elim

in
a
ted

th
ro
u
g
h
th
e
u
se
o
f
a
su
Æ
c
ien

tly

�
n
e
u
n
ifo
rm

m
esh

.
T
h
is,

h
ow

ever,
w
o
u
ld

req
u
ire

th
e
d
eg
rees

o
f
freed

o
m

to
g
o
b
eyo

n
d

\
p
ra
ctica

l"
lim

its.
T
h
e
n
o
n
-u
n
ifo
rm

m
esh

p
ro
p
o
sed

h
ere

a
llow

s
u
s
to

co
rrectly

p
red

ict

th
e
sh
ea
r
b
a
n
d
w
ith

o
u
t
u
sin

g
a
la
rg
e
n
u
m
b
er

o
f
elem

en
ts.

[F
IG

U
R
E
7
A
B
O
U
T
H
E
R
E
]

W
e
n
ow

tu
rn

o
u
r
a
tten

tio
n
to

th
e
seco

n
d
m
o
d
el
p
ro
b
lem

,
w
h
ich

w
a
s
so
lved

fo
llow

in
g

th
e
sa
m
e
seq

u
en
ce

o
f
a
n
a
ly
sis

step
s
a
s
th
e
p
rev

io
u
s
o
n
e.

F
ig
u
re

8
sh
ow

s
th
e
lo
ca
lized

sh
ea
r
zo
n
e
d
ev
elo

p
ed

fro
m

th
e
rig

id
in
d
en
ta
tio

n
o
n
th
e
so
il
slo

p
e,

fo
r
p
=

8
a
n
d
�

=

0
:0
7
5
.
A

ro
u
g
h
ly

circu
la
r
zo
n
e
o
f
in
ten

se
sh
ea
rin

g
d
evelo

p
s
sta

rtin
g
fro

m
th
e
sin

g
u
la
r

p
o
in
t
(en

d
o
f
rig

id
p
u
n
ch
)
a
n
d
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Figure 1: Elastic plastic e�ective stress e�ective strain bilinear model
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