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Motivation

Motivation

I Probabilistic fish counting

I Williams’ DEM simulations, differential displacement
vortices

I SFEM round table

I Kavvas’ probabilistic hydrology

I Performance based design, probability of undesirable
performance, (10−4, 10−5 !?)
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Motivation

Material Behavior Inherently Uncertain

I Spatial
variability

I Point-wise
uncertainty,
testing
error,
transformation
error

(Mayne et al. (2000)
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Motivation

Parametric Uncertainty: Material and Loads
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Motivation

Parametric Uncertainty: Material Properties
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Motivation

It is not a new Problem

Le doute n’est pas un état bien agréable,
mais l’assurance est un état ridicule.

François-Marie Arouet (Voltaire)
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Motivation

Types of Uncertainties
I Epistemic uncertainty - due to lack of knowledge

I Can be reduced by collecting more data
I Mathematical tools are not well developed
I trade-off with aleatory uncertainty

I Aleatory uncertainty - inherent variation of physical system
I Can not be reduced
I Has highly developed mathematical tools

I Ergodic Assumption!?
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FPK Formulations
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FPK Formulations

Uncertainty Propagation through Inelastic System

I Incremental el–pl constitutive equation

∆σij = EEP
ijkl ∆εkl =

[
Eel

ijkl −
Eel

ijmnmmnnpqEel
pqkl

nrsEel
rstumtu − ξ∗h∗

]
∆εkl

I Dynamic Finite Elements

Mü + Cu̇ + Kepu = F

I What if all (any) material and load parameters are
uncertain

Jeremić and Lacour
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FPK Formulations

Probabilistic Elastic-Plastic Response
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FPK Formulations

Previous Work
I Linear algebraic or differential equations:

I Variable Transf. Method (Montgomery and Runger 2003)
I Cumulant Expansion Method (Gardiner 2004)

I Nonlinear differential equations:
I Monte Carlo Simulation (Schueller 1997, De Lima et al

2001, Mellah et al. 2000, Griffiths et al. 2005...)
→ can be accurate, very costly

I Perturbation Method (Anders and Hori 2000, Kleiber and
Hien 1992, Matthies et al. 1997)
→ first and second order Taylor series expansion about
mean - limited to problems with small C.O.V. and inherits
"closure problem"

I SFEM (Matthies et al, 2004, 2005, 2014...)
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FPK Formulations

3D FPK Equation

∂P(σij(xt , t), t)
∂t

=
∂

∂σmn

[{〈
ηmn(σmn(xt , t),Dmnrs(xt), εrs(xt , t))

〉
+

∫ t

0
dτCov0

[
∂ηmn(σmn(xt , t),Dmnrs(xt), εrs(xt , t))

∂σab
;

ηab(σab(xt−τ , t − τ),Dabcd(xt−τ ), εcd(xt−τ , t − τ)

]}
P(σij(xt , t), t)

]
+

∂2

∂σmn∂σab

[{∫ t

0
dτCov0

[
ηmn(σmn(xt , t),Dmnrs(xt), εrs(xt , t));

ηab(σab(xt−τ , t − τ),Dabcd(xt−τ ), εcd(xt−τ , t − τ))

]}
P(σij(xt , t), t)

]
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FPK Formulations

FPK Equation

I Advection-diffusion equation

∂P(σ, t)
∂t

= − ∂

∂σ

[
N(1)P(σ, t)− ∂

∂σ

{
N(2)P(σ, t)

}]
I Complete probabilistic description of response
I Solution PDF is second-order exact to covariance of time

(exact mean and variance)
I It is deterministic equation in probability density space
I It is linear PDE in probability density space→ simplifies

the numerical solution process
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FPK Formulations

Template Solution of FPK Equation

I FPK diffusion–advection equation is applicable to any
material model→ only the coefficients N(1) and N(2) are
different for different material models

I Initial condition
I Deterministic→ Dirac delta function→ P(σ, 0) = δ(σ)
I Random→ Any given distribution

I Boundary condition: Reflecting BC→ conserves
probability mass ζ(σ, t)|At Boundaries = 0

I Solve using finite differences and/or finite elements
I However (!!) it is a stress solution and probabilistic

stiffness is an approximation!
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Direct Solution for Probabilistic Stiffness and Stress
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Direct Solution for Probabilistic Stiffness and Stress

Direct Probabilistic Constitutive Modeling

I Zero elastic region elasto-plasticity with stochastic
Armstrong-Frederick kinematic hardening
∆σ = Ha∆ε− crσ|∆ε|; Et = dσ/dε = Ha ± crσ

I Uncertain: init. stiff. Ha, shear strength Ha/cr , strain ∆ε:
Ha = ΣhiΦi ; Cr = ΣciΦi ; ∆ε = Σ∆εiΦi

I Resulting stress and stiffness are also uncertain

Jeremić and Lacour
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Direct Solution for Probabilistic Stiffness and Stress

Probabilistic Stiffness Solution
I Analytic product for all the components,

EEP
ijkl =

[
Eel

ijkl −
Eel

ijmnmmnnpqEel
pqkl

nrsEel
rstumtu − ξ∗h∗

]
I Stiffness: each Polynomial Chaos component is updated

incrementally
En+1

t1 = 1
<Φ1Φ1>

{
∑Ph

i=1 hi < Φi Φ1 > ±
∑Pc

j=1
∑Pσ

l=1 cjσ
n+1
l <

Φj Φl Φ1 >}
...
En+1

tP = 1
<Φ1ΦP>

{
∑Ph

i=1 hi < Φi ΦP > ±
∑Pc

j=1
∑Pσ

l=1 cjσ
n+1
l <

Φj Φl ΦP >}
I Total stiffness is :

En+1
t =

∑PE
l=1 En+1

ti Φi
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Direct Solution for Probabilistic Stiffness and Stress

Probabilistic Stress Solution
I Analytic product, for each stress component,

∆σij = EEP
ijkl ∆εkl

I Incremental stress: each Polynomial Chaos component is
updated incrementally
∆σn+1

1 = 1
<Φ1Φ1>

{
∑Ph

i=1
∑Pe

k=1 hi∆ε
n
k < ΦiΦk Φ1 >

−
∑Pg

j=1
∑Pe

k=1
∑Pσ

l=1 cj∆ε
n
kσ

n
l < ΦjΦk ΦlΦ1 >}

...
∆σn+1

P = 1
<ΦPΦP>

{
∑Ph

i=1
∑Pe

k=1 hi∆ε
n
k < ΦiΦk ΦP >

−
∑Pg

j=1
∑Pe

k=1
∑Pσ

l=1 cj∆ε
n
kσ

n
l < ΦjΦk ΦlΦP >}

I Stress update:∑Pσ
l=1 σ

n+1
i Φi =

∑Pσ
l=1 σ

n
i Φi +

∑Pσ
l=1 ∆σn+1

i Φi
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Direct Solution for Probabilistic Stiffness and Stress

Probabilistic Elastic-Plastic Modeling
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Direct Solution for Probabilistic Stiffness and Stress

Stochastic Elastic-Plastic Finite Element Method
(SEPFEM)

Material uncertainty expanded along stochastic shape
functions: E(x , t , θ) =

∑Pd
i=0 ri(x , t) ∗ Φi [{ξ1, ..., ξm}]

Loading uncertainty expanded along stochastic shape
functions: f (x , t , θ) =

∑Pf
i=0 fi(x , t) ∗ ζi [{ξm+1, ..., ξf ]

Displacement expanded along stochastic shape functions:
u(x , t , θ) =

∑Pu
i=0 ui(x , t) ∗Ψi [{ξ1, ..., ξm, ξm+1, ..., ξf}]

Jeremić and Lacour
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Direct Solution for Probabilistic Stiffness and Stress

SEPFEM: Formulation

I Stochastic system of equation resulting from Galerkin
approach (static example):



∑Pd
k=0 < Φk Ψ0Ψ0 > K (k) . . .

∑Pd
k=0 < Φk ΨP Ψ0 > K (k)∑Pd

k=0 < Φk Ψ0Ψ1 > K (k) . . .
∑Pd

k=0 < Φk ΨP Ψ1 > K (k)

.

.

.
.
.
.

.

.

.
.
.
.∑Pd

k=0 < Φk Ψ0ΨP > K (k) . . .
∑M

k=0 < Φk ΨP ΨP > K (k)





∆u10
.
.
.

∆uN0
.
.
.

∆u1Pu
.
.
.

∆uNPu


=



∑Pf
i=0 fi < Ψ0ζi >∑Pf
i=0 fi < Ψ1ζi >∑Pf
i=0 fi < Ψ2ζi >

.

.

.∑Pf
i=0 fi < ΨPu ζi >



I Time domain integration using Newmark and/or HHT, in
probabilistic spaces
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Direct Solution for Probabilistic Stiffness and Stress

SEPFEM: System Size

I SEPFEM offers a complete solution (single step)
I It is not based on Monte Carlo approach
I System of equations does grow (!)

# KL terms material # KL terms load PC order displacement Total # terms per DoF
4 4 10 43758
4 4 20 3 108 105
4 4 30 48 903 492
6 6 10 646 646
6 6 20 225 792 840
6 6 30 1.1058 1010

8 8 10 5 311 735
8 8 20 7.3079 109

8 8 30 9.9149 1011

... ... ... ...

Jeremić and Lacour
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Direct Solution for Probabilistic Stiffness and Stress

SEPFEM: Example in 1D
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http://sokocalo.engr.ucdavis.edu/~jeremic/lecture_notes_online_material/_Chapter_Probabilistic_Elasto_Plasticity_and_Stochastic_Elastic_Plastic_Finite_Element_Method/SEPFEM_Animation_Elastic.mp4
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Direct Solution for Probabilistic Stiffness and Stress

SEPFEM: Example in 3D
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Direct Solution for Probabilistic Stiffness and Stress

Application of SEPFEM to Practical Problems

Obtain accurate fragility curves (CDFs) for each soil structure
system location for stress, strain, displacements, etc.

Jeremić and Lacour
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Summary

Summary

Probable importance of uncertainty in mechanics

Propagation of uncertainty through mechanics in order to
give designers, regulators and users information for
decision making

Real ESSI Simulator: http://real-essi.us

Funding from and collaboration with the US-DOE,
US-NRC, US-NSF, CNSC-CCSN, UN-IAEA, and Shimizu
Corp. is greatly appreciated,
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